
AD-R162 371 DUCKLING OF DELAINATED SHELLS AN MULTI-NNULM PLATES
(U) GEORGIA INST OF TECH ATLANTA SCHOOL OF ENGINEERING
SCIENCE AN.. G J SIMITSES ET AL. OCT 85

UCLASSIFIED RFOSR-TR-85-1881 RFOSR-83-0243 F/O 20/11 MLEhhhEahhhEEEEE
EEllllllllEllE
ElEEllllllllEE
ElEElllllllllI
EllllEllElllEE
*IlllllllllullI



.+-% - r. : K... .% - .. . - ... .. - • - . - - . .. - • . . . . .+- . r*.,.+.. r *' , ( . .-. . .. - +r r - -.--- ~ , - - ,

111.0

III2J4 .
111.12 '4 HW.

MICROCOPY RESOLUTION TEST CHART

NAT.ONAL BUREAU OF STANDARDS - 1963 - A

-,%



A~OS1R~AFOSRTR-

BUCKLING OF DELAMINATED SHEL LS
AND

MULTI-ANNULAR PLATES
by

George J. Simitses, Sayed Sallam
and Yeoshua. Frostig

DTIC

__ ~DECO09 19850J

CL. School of Engineering Science and Mechanics
8 GEORGIA INSTITUTE OF TECHNOLOGY
LLJ A Unit of the University System of Georgia

'N'- Atlanta, Georgia 30332

Approved for public release; distribution unlimited

15 0 - 6 08...............5



SECURITY CLASSIFICATION OF THIS PAGE (fhen Dta Betored) _ RFZAD.INSIMlUCTNkS ,
REPORT DOCUMENTATION PAGE A.SSIN -NO. . .toRE COMPLETNG FORM

1REOTNUMBER 3.RECIPIENT'S CATALOG NUMBER

4. TITLE (and Subtitle) S. TYPE Of REPORT & PERIOD COVEREDTIL. utilFINAL

BUCKLING OF DELAMINATED SHELLS AND Sept. 1, 1984-August 31, 198

MULTI-ANNULAR PLATES ".
S. PERFORMING ORG. REPORT NUMBER

7. AUTHOR(a) S. CONTRACT OR GRANT NUMBER(e)

George J. Simitses, S. Sallam, and Y. Frostig* A.FOSR 83-0243

9. PERFORMING ORGANIZATION NAME AND ADDRESS 10. PROGRAM ELEMENT. PROJECT, TASK
AREA & WORK UNIT NUMBERS

Georgia Institute of Technology __'"

School of Engineering Science and Mechanics 2307/BI
225 North Avenue, S. W., Atlanta, GA 30332 / 61102F

* 11. CONTROLLING OFFICE NAME AND ADDRESS 12. REPORT DATE

AFOSR/NA October 1985Building 410 ,.N E AE

SollinA AFB. D. C. 20332 .
14. MONITORING AGENCY NAME & ADDRESS(II different fram Controlling Office) 1S. SECURITY CLASS. (of this report)

Unclassified

IS. DECLASSIFICATION/DOWNGRADING
SCHEDULE

16. DISTRIBUTION STATEMENT (of this Report)

Approved for public release; distribution unlimited
p

17. DISTRIBUTION STATEMENT (of the abstract entered In Block 20, f1 different from Report)

1. SUPPLEMENTARY NOTES

(
Is. KEY WORDS (Continue on reverse elde It nocoeoey nd dontify by block member)

Laminated shells; DelaminatLon uckling; Damage Tolerance; Annular Plates;

Plates with koles

20. ABSTRACT (Continue an revese side It neceeery nd identify by block number)

-The 'buckling of delaminated thin cylindrical shells is investigated. The
thin cylinders are axially-loaded and their geometry is virtually isotropic. The
effects of boundary conditions, delamination size, and delamination position on
the buckling load are studied. -Hereover, eher buckling analysis of multi-annular
plates ispresented. The annular sections are made of different materials, their
size is varied, and the composite circular plates are supported in various ways.
The rigidities of the various parts are varied in order to cover the cases of
plates with holes, with rigid inclusion, and ring stiffeners.

DD J, A..j 1473 EDITION OP I NOV Gs is OISOLETE F - '' F .- .

.! . Of .... D Entere.......d1



66

0.

BUCKLING OF DELAMINATED SHELLS AND
MULTI-ANNULAR PLATES*

by

George J. Simitses+ , Sayed Sallam++ , and Yeoshua Frostig +++

School of Engineering Science and Mechanics
* Georgia Institute of Technology, Atlanta, GA.

0i

* This work was supported by the United States Air Force Office of

Scientific Research under Grant AFOSR-83 -023.
+ Professor and Principal Investigator

++ Graduate Research Assistant
* +++Postdoctoral Fellow

Qualified requestor may obtain additional copies from the Defense
Documentation Center, all others should apply to the National
Technical Information Service.

Conditions of Reproduction

Reproduction, translation, publication, use and disposal in whole or
in part for the United States Government is permitted.

......... ...

. . . . . -. .

~~.-



SUMMARY

This report summarizes the second year work under the general heading

of "Effect of Local Material Imperfections on the Buckling Behavior of
Composite Structural Elements".

It describes two important areas: one of delamination buckling of

cylindrical shells under axial compression, and second buckling of multir

annular plates, which emphasizes the effect of holes and foreign rigid

tnclusions.

The findings of the research are reported in two parts. The first partC
(Part A) deals with buckling of axially-loaded delaminated thin cylindrical

shells. The geometry is assumed to be virtually isotropic and the size and

position of the delamination, which extends around the entire circumference

of the cylinder, are varied. Moreover, two sets of boundary conditions are

considered simply supported and clamped.

The second part deals with buckling of multi-annular plates, made out

of different materials, supported in various ways, and subjected to radial

compressive loads. The rigidities of the parts are varied in order for the

analysis to include plates with holes, rigid inclusions, and ring

stiffeners.
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CHAPTER I

INTRODUCTION

The use of fiber-reinforced composite laminates is rapidly

increasing due to their excellent undirectional properties and their

high strength to weight ratio. Recently, composite laminates have been

used in space vehicles in the form of circular cylindrical shells, as a

primary load carrying structure. In order to use laminated composite

structures properly and effectively, it is important to predict and

understand their behavior under the different external actions.

Imperfections have a very significant effect on the structural

response and on its load carrying-capacity. In addition to the usual

* geometric imperfections that are inherent in metallic plates and shells,

laminated geometries are prone to such defects as broken fibers, cracks

in the matrix material, delaminated areas ( separatioin of adjoining

* plies), as well as holes and small voids.

Delamination is one of the most common failure modes in composite

materials. Delamination is developed as a result of imperfections in

the production technology or due to the effect of certain factors during

the operational life of the laminate, such as impact by foreign objects.

The presence of delamination in a laminated composite material may cause

local buckling and reduction in the overall stiffness of the structure,

which may lead to early failure.
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The problems of delaminated composite structures have received

attention in recent years. As far as the buckling response of

delaminated structures is concerned, an extensive review is raven in

Ref.[I].

The problem of buckling of delaminated cylindrical shells has not

received the deserved attention. Very few investigations have been

carried out in this area. Kulkarni and Frederick [2] use a "branched

integration" technique to solve the problem of buckling of a two-layered

cylindrical shell,partially debonded, and subjected to axial

compression. They [2) consider the case where the delamination

originated at the boundary. Results are reported [2] for different

lengths of debonding and inner to outer layer thickness ratios. A

significant decrease in the critical load is observed. The buckling of

stiffened circular cylindrical shells, with two unbonded orthotropic

layers, is reported by Jones [3). Jones [3] assumes that the layers do

not seperate during buckling, i.e. the deformation of both layers are

assumed to be the same. He also examines the case when one of the two

unbonded orthotropic layers is circumferentially cracked. His results

for a cylindrical shell made of aluminum with ablative outer layer and

subjected to hydrostatic pressure show that the ablative layer had to be

increased by 50% in thickness in the damaged (debonded) cylindrical

shell in order to obtain the same buckling load as that of the perfect

cylindrical shell. Troshin [4] examines the effect of longitudinal

delamination in a laminar cylindrical shell on the critical external

pressure. The delamination is assumed to extend over the entire length

of the shell. He [4], reports on the effect of the length and position

2



of the delamination on the critical external pressure.

In the present research the study of delaminated thin cylindrical

shells of perfect geometry and under uniform axial compression is

presented.

* The buckling equations are derived by employing a perturbation

technique. The solution is of the separated form with periodic

functions in the circumferential coordinate (sine or cosine), and

* complex exponential functions in the axial coordinate.

(( 3
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CHAPTER II

BUCKLING OF DELAMINATED CYLINDRICAL SHELLS

2.1 MATHEMATICAL FORMULATION

The effect of circumferential delamination on the critical loads,

for a laminated circular cylindrical shell and subjected to compressive

axial loading, is studied. The material behavior of the cylindrical

shell is assumed to be linearly elastic. Delamination is assumed to

exist before the load is applied, and extends along the entire

circumference of the cylindrical shell, on a surface parallel to the

reference surface (see Figure 1). The location and size of the

delamination is arbitrary and the boundary conditions are either simply

supported or clamped. Delamination separates the cylindrical shell into

four regions (four thin-walled cylindrical shells), such that each

region is symmetric with respect to its own mid-surface.

The governing equations for the buckling of the delaminated

cylindrical shell are derived based on the thin shell theory

(Kirchhoff-Love hypotheses), Donell-type of kinematic relations, and the

assumption of existence of a membrane state, before buckling (classical

approach).

4
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The geometry and sign convention are shown in figures 1 and 2

The coordinate system is such that x is measured from the 'eft end.

Moreover u ,v and w (i-1,2,3,4) denote the axial,circumferential

and radial displacements of the material points on the mid surface of

each region,respectively

2.1o1 Kinematic Relations

The axial and circumferential displacements of any material point

(x,z ) are given by
io

0

u (x,Y,z) = ui(x, y) -z W

3. 1 i,x
(1)

v.xyz.) V xy) - z..
( 3. 3 3. i,y

0 0

where u and v are components of "middle surface" material points

zi is measured from the mid surface of each region and the comma denotes

partial differentiation with respect to the index that follows.

The kinematic (Donnell-type) relations are given by

E _ 0

-z K (2)Yy yy i yy

Xy Xyj xy

7
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where the superscript "o" denotes reference strains and the k's denote

the reference surface changes in curvature and torsion.

Note that for each region the reference surface has been placed at the

middle surface .The reference surface strains are defined in terms of

the displacements as:

0ci i' I'x

*0 2
V -W./R + w.(3

YY1  i'y L LOY()

Y 0 U + V +4w w
xy. i'y i'x Lx Wi'y

and the changes in curvature and torsion are given in terms of the

transverse displacement w ,by:

xx. i'xx

K W

8
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2.1.2 Stress-Strain Relations

Each lamina of the composite shell can be considered as orthotropic

with two principal material directions (1 and 2) parallel and

perpendicular to the direction of the filaments.

The stress-strain relations for each lamina are:

a)* Q12  0 ll

22 Q12 Q22 022

C12 0 0 2Q33  12

The relation between the elements of the stiffness matrix CQJ and the

engineering material constants (Ell , E2 2 , G 2 ,v1 2 ) ,are

Q E 1 1/ (1-v12v2 1) ; Q12 " a21E / (1"-21221) "

* (5)
Q22 E2 2 1 (1- 12v2 1 ) ; 3 G12v21 33 " 12

For a general lamina (k) with fibers making an angle 8k with the x-axis

then.

[ - ~k [C) k

9
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where

ae

(alm a(6

a
L y £JLXYJ

and

[Q [ T] C02 [T] (7)

where ET] is the transformation matrix [5 )

it is more convenient to deal with stress and moment resultants

rather than dealing with stresses in deriving the governing equations.

The stress and moment resultants are defined by

h n

- hn a dz (8)
YY fY~Y

h

10



M JY a C dz (9)

h0

L. M_

i I'

The stress and moment resultants are related to the reference

surface (for each region) strains and changes in curvature and torsion

by

0

-0 ( 1 0 )S B -D K

1 1,2,3,4
where

N 0

B. . (k) (h h

7zj 2 ij k -1

A N (k) 3 3D k1 j kh

C k1 1 11,2,3,4

In deriving the governing equations,it is assumed that each region of

the delaminated cylindrical shell is symmetric about its mid-surface

hence , there is no coupling between bending and stretching Bij -0.

(
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-oreover , only cases where the fibers are in the axial direction and/or

in the circumferential direction are considered,which means that the

stiffnesses A 13,A 23,D 13 D 23 are zero. Thus , Eqs(lO) assume the

form

N 'A, A

A A 0 (12-a)Nyy -Axy Ayy YY

N 0 0 A Yo
Ily S. Xy1

xx ~ ~ XXXY

M D D 0 -w

M = D D 0 -w (12-b)y-- xy yy , yy]

M 0 0 D -w

2.1.3Equilibrium Eouations

The equilibrium equations for a thin cylindrical shell are listed

below

N + (13)
xx xY i ,y

N + N =0 (14)
SxYix yy,y

M + 2 m + M + N /R + N w +
.. ,xX ,XYIXy YYj,yy YYi X ,XX

+ 2 N w + N 0 (15)
XYj i,xy YYi i,yy

12
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2.1.4 Boundary and Auxiliary Conditions

* Boundary Conditions (at x - 0 L)

Either Or

* NX - N =

N N V
xy xy 

(16)

N w, Ny ,y +2xy,y +Mxx,x W

x x+ x- x -

r" Kinematic Continuit Conditions

at x A

h
LI h- w U..

1 2 ,x 2

2 .3 1(17)
u2 + Wl,x =u3

2 3 2

1 -(18)

* v 1 + 1 3

w1 -2 8 w3  (19)

wl,1 2,x 3,x (20)

x + a

(21)I
u H V =

4 4,x u3

13
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+-w -

h

W - 2 
(22)

v4 +  3

w 4 - 2 = w3  (23)

w4,x w2,x w3,x (24)

Continuity in Moments and Forces

at x -

-M -M -N + (25)

xx xx2 3  xx 2 2 xx 3 2

Nxx " Nxx 2  Nxx3 -N0 (26)

N - N - N -0 (27)

xy 1  xy 2  xY3

QX Ix- Qx2 Qx3 0 (28)

at x L - + a

M M M - N h+N 0 (29)
xx4 - xx2 - 2 2 x 3 2

N - N - N - 0 (30)

..4  2  3

N -N -N o (31)
xY4  xY2  xY3

14
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Q X4 - Qx3 - 0 (32)

wher

QX. M xx" + 2 M - N , w.I L,X xi,y i ,

1-1,2,3,4

2.2 PRIMARY (MEMBRANE) STATE SOLUTION

As the compressive load 5 ;s applied (quasi) statically,a (membrane)

primary state exists. Assume the initial curvature to be the same for

all the four regions i.e. t << R . Also,assume that a uniform radial

displacement wj is allowed. Then , the primary state is characterized

by:

* 4p -MP 'MP' "'7P -NP 0 (33)
i YYi Xyi YYi xyi i

Np  Pi (34)
2QC. 2.

where

P1 =4 2 P3

where B is the compressive applied load ,and h-h/t and H-H/t

15
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Furthermore,

~P U? P7 " xx_ X vP 0

i-." (A /A1 1,2,3,4

where2
C (A -A 2 /A2CC xy yy i

2.3 BUCKLING EQUATIONS

The buckling equations are derived by employing a perturbation

technique. Since the perturbed state can be chosen to be

infinitessimally close to the primary state only , first order terms in

the admissible variations are retained.

The following expressions are substituted in the governing equations

- a a P au, =u; + " vi v. ;W. = . + W.

, - i L Na La

-UP + a a W= a

N; i XX i x Y Y ixNYYi YYi

a a a
M M ; M M ; M MXX. XX. XY xY YYi YY

Q X i Xi
,CQ. = X
2. x1.m

where the super "a" parameters are referred to the additionala a a)

changes(that corespond to admissible variations u. ,va and w.

,"6.

m16



By reta in ing only i near terms i n the add it ionalI paramters,

the buckling equations are:

N a + N a -o (36)
xx

i,x XYi1y

N Na + Na 0 (37)
xyi YYj~

M 2M + M + N a/R wNx a 0 (38)

In terms of the in-plane and transverse displacement~u,v,w) ,the

buckling equations take the form

*D w a + 20 +2D )wa a

f- 8 a

+ N w a A a A (v a-w a =IR 0 (39)
xx * i,xx _(Axy~ j ,x + ~ i , Y_

a a a(1

L ua + L Va=A a (41

17



where the differential operators L 1,L 2and L 3 are given by

Lw A 2 2 2 2
1 xx ax + A 2 /s y

L2U (A +A)

L 3  A 3 a2 / x2  a 2  a 2L3" ss / x yy / y

Equations (40), (41) can also be written as:

L Ia A A 3  / x  " A yyi  2 Wa .
L£ ss L xyi yyi

i. e.

U, L1 .A [A /b - A /Bx~y2  (42)
i £ 3. xy. YYj .(2

a i v [A A 3 /By3 -(Axyj +A A -A A ) 3 /x 2ay] w. R
y £xyi ss. xxi 2.

i.e.

|L CA A ay -(A +A A -A A )a3 /Bx2y3 /

Sxy xyi Sai xxi yyi

(43)

18
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where

- Aa 4 /x - (A 2+2A A A Ayy) 4 /x 2y 2 +AiA a I y4
2. XX SjXY 2YS 0iY SS~

-1.

Equations (42) and (43) are used to eliminate ui and v from Eq. (39)

to obtain one(buckling) equation with higher order derivatives in the

transverse deflection w

Thus,the buckling equation for each region , , becomes

r A b 1bx4  (A 2 +2A A -A ) 1x~y 2 A +A A l,84]
xxi SSi  X xy sS XXyy2 yyi ssi

b4x= /ax 4 24 42 /a,,2,

X(Dx /Sx 4 + 2(Dxy+2Ds) a4 /ax 2 By2 +Dyi/y' +D bIx/.

ss. x. yy xy xx i 2.

+ .A 2.A A/ !RV iY y c .1(4

i=1, 2,3,4

The related conditions are grouped into three categories Boundary

Conditions , Kinematic Continuity Conditions and Continuity in Moments

and Forces.

19
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Boundary Conditions:

Along each end of the cylindrical shell four boundary conditions

have to be satisfied. For both simply supported and clamped

boundaries,the following possibilities hold (Ref 6)

a) Simply Supported

S~l a " a  " a  N
SS W. W =0.3 j, cc xxj xy.

SS2 W a . W a . = 0
j jxx j xy. (45)

.33 (45)W vaa a a aSS3 w. =w. N - v. -0
.3 j,x xx. j

b) Clamped Support

a a a aCCS w N N . 0j j,x xx. xy.

CC2 wa = wa = Na =0 NaC2 w. . = u a "
• . ,x j xy.

j(46)

CC3 wa = wa =Na a 0

3 J,x xx. j

CC .  a  a a.J j,x = .3

where j=l at x- 0 and j-4 at x- L

20
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Kinematic Continuity Conditions

at x-

,aha a

1 2 w x u2(47)

~a ~a a
2 2 9 3,

V1 iy v (48)

v a H a a
1 2 w,y v3

w ~ w 49)

a a a

wV 1 Uw 2x w3,xc (50)

at x- + a

a h a a
u 4 2 w4 ,,x u (51)

ua +H wa a

4 4 4,x u3

va h a a
V4  2w 4 ,, v.

) (52)
va +H wa a
V4  2 ,y '3

wa -wa wa (53)
V4  V2

a =wa Wa (54)
w4,x 2,x 3,x

21



--- . . *:-- ..1 11 .

F' "Continuity in Moment and Forces

x- A

Ma Ma Ma . a h a H 0  (55)
xx xx2  xx3  xx2 2 +XX 3 2

N a N a N a (56)
xx xx2 xx3

Na a  a = 0 (57)i Y1  xy 2  xy3

Qa a Qa -0 (58)
1 2 x3

at x- L +a

a a a a h + Na H 0 (59)
Sx MX2 xx3  xx 2 xx3 2

Na N a a

N a N3 0 (61)xy4  IXY 2  X)* 3

a a a

4 2 X3

22
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2.4 SOLUTION OF BUCKLING EQUATIONS

The solution of the buckling equations ,Eq.(44 ) ,can be written as

E6

(2E,.

W j a 2E _ ; (3
- A-j sin S X (63)

where

Cz 1- 31 -1l "2I R°°% '3 -12 21J - "

ij are the characteristic roots of the buckling equation, and can be

found by solving the following equation:

S 2  A -A2
4i Si 4 A xy A ss Axx A 2

Aj Ax A As £ A .

j ' 0 s 4 - 2( XY 2 s2 * 2 p
,,~~~~~~~ [Aj+ tt 2(Y ~' i '  i  - .j

xx xx x.

A2  4
(A -- X) A . 0 (64)

t. El 9Iy A ' X

- 1, 2, 3, 4

where

N D
xxi xxi

it E C E1 t3'

72 21
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Note that for continuity of displacement around the circumferential

direction

2V
S , i

where n is the number of full waves in the circumferential direction.

Also note that n must be the same for all regions ,for continuity of

displacements to be satisfied .

Using Eqs( 42),( 43) & (63) , the displacements , stress and moment

resultants are expressed in terms of Xij sand Aj as follows:

A A

r 8 f xx( xx (65)
"2E 11 ) ij

A2  S A A - A A 2 (
xy X I SS X s S

a A XX Ass ij xx

QC r(L ))I6

(66)

where

AJ A2  2A A -A A4, YY )A  S xy XYss xx X 2 2

. xx XX SS

24.................-.. .. . . . .
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W A e 'j Rsin [

* 2

W~~ ~ A 2 eS 2RWtCs nY

AA

8 ~y A Ix1

0xy 1  Rj j1 J A S 1 W3 (68)

A 2

8 y j-A xx '

D 8 DX Ell) D L]2

Q4 - 1 .... (C)3/2 2~ [y - ) S 2 2 W (70)

C 25



The solution to the buckling equations, Eqs(63), requires knowledge

of 32 constant (Ajj,i-I,2,3,4 ,j-1,2,3,...8). There exist 32 boundary

and continuity conditions, which are homogeneous in ui , v. and w, and

their space derivatives. These consist of eight boundary conditions,

four at each end, Eqs(45) or Eqs(46), sixteen kinematic conti.luity

conditions, Eqs(47)-(54), and eight continuity conditions in moments and

forces, Eqs(55)-(62)•

The use of the above system of boundary and continuity conditions

yields a system of linear, homogeneous, algebraic equations in Ai•

The resulting system of equations takes the form

Cc] fX)- [0] (71)

where [C] is a 32x32 matrix and tX] an Ix32 (column) matrix. The

elements of matrix C are given in appendix A. For a nontrivial solution

to exist, the determinant of the coefficients must vanish. The

determinant contains geometric parameters (L,R,a,h), material parameters

(Ell ,E2 2 ,G1 2 ,12
), the applied load, , and the circumferential wave

number, n.

For a given geometry and material properties, the circumferential

wave number (n) is varied and the corresponding load which makes the

determinant vanish is obtained. The lowest of these loads is the

critical load.
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2.5 RESULTS AND DISCUSSION

Buckling analysis of delaminated cylindrical shells involves many

geometric and material parameters. Also, as is well known, the

different inplane boundary conditions have a significant effect on the

critical load of the cylindrical shells. Therefore, general results,

which account for all the effect of the different parameters on the

critical load of the delaminated cylindrical shell, require several

extended studies. Accordingly, the results presented herein are

restricted to specific numerical examples in order to illustrate the

applicability of the present model.

C In generating results for the present model, it is assumed that

there is no contact between the two regions across the delamination at

the instant of buckling. Otherwise the problem has to be treated as if

• a cylindrical shell is resting on an elastic foundation (not attached to

the foundation). A model for accounting for thin behavior is suggested

in Appendix B.

For a given configuration, the critical load, i, is determined as

the smallest eigenvalue that makes the determinant of the coefficients

of the system of homogeneous algebraic equations ( see Eq.71) equal to

zero. The circumferential wave number is varied in order to determine

the smallest of the eignvalues.

Results are generated for a cylindrical shell made up of isotropic

laminate, and for both simply supported and clamped boundary conditions.

Since for each type of supports (simple and clamped supports) there are

four types of boundary conditions, results are generated for the weakest
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and for the strongest configurations, which are known as SS1 (w -w
CF= - Txy 0 ) and CC4 (w - w ,X- u - v - 0), respectively. The

boundary conditions are assumed to be the same at both ends, i.e. both

ends are SSI or CC4. The dimenstions of the cylindrical shell are such

that L/R-5, and R/t-30 where L, R and t are the length, radius and

thickness of the shellrespectively.

Figure 3 shows the effect of delaminatiand length and z-position on

the critical loads of a simply supported cylindrical shell (SS1). The

delamination is assumed to be located symmetrically with respect to both

ends of the shell. The critical loads are normalized with respect to

the critical load of the classical theory. The figure shows that for a

delamination in the middle surface of the cylindrical shell, the

delamination has a negligible effect on the critical loads as long as

the delamination is far from the edges ( effect of position with respect

to the edges will be discussed in another figure ). As the delamination

moves away from the middle surface of the shell, its presence becomes

important. For a delamiation thickness h - 0.3, the delamination has no

effect on the critical loads, as long as the delamination length is

small (F<.04). As the delamination length increases the critical load

decreases and it approaches asymptotically a value, which is,

approximatly about 60% of the critical load of the perfect

configuration. As the delamination becomes thinner and thinner, a sharp

drop in the critical load is noticed at a very small delamination length

- 0.01 ). This drop in the critical load continues till it reaches

a constant value ( 20% of that of the perfect shell ), at a value for

the delamination length paramter of I - 0.1
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Figure 3 Effect of Oclaminatioi Length on the Critical Loads

of a Cylindrical Shell with Simply Supported Ends
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The effect of lengthwise delamination position on the critical loads

is also studied. Figure 4 presents results for a - 0.1 . For

delamination thickness h S 0.3, the delamination position, 1, has no

appreciable effect at on the critical loads. For thicker delaminations,

h > 0.3, the position of delamiiation has an important effect on the

critical load, and this effect increases as the delamination thickness

increases. For instance, a reduction of about one third in the critical

load is noticed for a delamination near the edge (by comparison to the

critical load of a delamination far from the edge A > .08 ), for a

delamination thickness h 0.5 . The position effect decreases as the

delamination thickness decreases. Figure 5 shows the effect of both

delamination length and position on the critical load of a delaminated

cylindrical shell, with the delamination located at the mid surface of

the shell (h - 0.5). For a moderate delamination length, 0.1<5 <0.2, it

seems that the effect of delamination position is approximately the same

for bothe values of delamination lengths (. - .1 and 0.2 ). For

shorter delamination length, the critical load decreases as the

delamination moves away from the ends of the shell and it reaches a

minimum at a value of 1 in the range 0.04 > i > 0.02. The exact value

of £ at which the minimum is reached depends on the delamination length

parameter, i. As the delamination length parameter becomes shorter and

shorter, (5 % 0.02), the effect of delamination position can be ignored.
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A similar set of curves are obtained for clamped boundary

conditions. The effect of delamination length on the critical loads of

a symmetrically delaminated cylindrical shell, for different values of

the delamination thickness, is shown in Figure 6. This figure,

* illustrates that, only for very small values for the delaminoriun length

(i .01), the delamination has no significant effect on the critical

loads, regardless of the value for h. For larger values for the

* delamination length parameter, a, a noticeable drop in the critical

loads is observed. For example, a drop of about one half of the

critical load ( of the perfect shell ) is observed at a deiamination

thickness parameter, h - 0.5. The drop of the value of the critical

load is more severe for thinner delaminations. For instance, the

critical load is only 10 of the critical load of the perfect shell for

delamination thickness h - 0.1 with delamination length a>.07.

Unlike the simply supported case, the position of delamination

w.r.t. the edges of the shell with clamped ends, has virtually no

effect on the critical loads, for delamination length a - 0.1,

irrespective of its thickness, as shown on Figure 7.

The effect of delamination position on the critical loads of a

delaminated cylindrical shell with the delamination located at the

middle surface of the shell, for various values of delamination length

is presented on Figure 8. It is observed that for moderate delamination

lengths (I - 0.1 and 0.2) the position of the delamination has no effect

on the critical loads of the shell. On the other hand, for short

delaminations (i - .05), the critical load decreases as the delamination

moves away from the edge of the shell.
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A comparison of the results on Figures 3 and 6, shows that, for

moderate and large delamination lengths (N > 0.1), a delaminated

cylindrical shell has the same critical load, irrespective of the

boundary conditions (simply supported or clamped) and this critical load

* paramter is approximatly equal to h. The explanation of such results is

that for such delamination length paramter (5 > 0.1), the thin region

(delaminated part) buckles while the main body of the cylindrical shell

• remains straight (has no appreciable bending deformation), i.e. the

thin part buckles as if it had a clamped boundary condition,

irrespective of the type of supports of the main cylindrical shell.

C. Figure 9 shows a plot of the critical load parameter for region 3

(the thin region) versus the characteristic length of region 3 (L3 = a /

fRh ) for a very thin and long delamination (I - .02, W - 0.6), for

clamped boundary conditions. The main purpose of presenting this curve

for this configuration (very thin and very long) is to check a limitting

case, which is similar to the thin film analysis of the delaminated

plate. As expected the obtained curve is similar to the one obtained by

Hoff [6] for the critical loads of a cylindrical shell with CC4 boundary

conditions.
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2.6 CONCLUDING REMARKS

The investigation of the problem of buckling of delaminated

cylindrical shells leads to the following observations:

1) For symmetric delamination (delamination located symmetrically w.r.t.

both ends of the shell) the critical load is independent of the boundary

conditions as long as the delamination length parameter, , is greater

than 0.1 . For this case, I > 0.1, the critical load depends only on

0 the delamination thickness parameter, h.

2) For clamped boundaries (CC-4), the position of delamination w.r.t.

the ends of the cylindrical shell has no effect on the critical load for

moderate and large values of the delamination length parameter, i>O.1.

As the delamination length becomes smaller, the effect of position of

delamination becomes more pronounced, and the critical load increases as

the delamination moves towards the clamped ends

3) For simply supported boundaries (S$-1), the position of delamination

w.r.t. the ends of the cylindrical shell has a significant effect on

the critical load, even for small values of the delamination length
0

parameter. Unlike the case of clamped boundaries, for simply supported

boundaries ( with 5 - 0.1 ), the critical load decreases as the

delamination moves towards the edges of the shell boundary as long as

the delamination thickness, h, is greater than 0.3, otherwise, the

change of delamination position has a negligible effect on the critical

load for smaller values of the delamination thickness, h < 0.3
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APPENDIX A

CMARACTERISTIC EQUATIONS OF DELAMINATED

CYLINDRICAL SHEiLLS

The solution to the buckling equation , Eq.(44), can be written in

the form : 2E

8 iJ R 2W A e sin sj,,1

Use of the proper boundary and continuity conditions leads to the system

of linear , homogeneous algebraic equations

where [C] is a 32x32 matrix and (.2X a lx32 (column) matrix.
T1 A,AI2 ,A13 ,AI4 ,A1 ,A,1 6 A17 ,A1 8,A21,A2 2 ,A23 'A24 ,A2 5 ,A2 6 ,A27 ,A28,

A 31' A 32' A 33 ' A 34' A 35' A 36' A 37' A 38' A 41' A 42' A 43' A4A A45' A 46' A 47' A 481

The general element of the matrix CC] is Ci. In defining the

elements C.. two parameters (r,q) are used, and defined as

for j 1,2,3 ... 8 , rtl and q-j

j = 9,10,11,.. , r-2 and q=j-9

j - 17,18,...24 , r-3 and q-j-16

j - 25,26,...32 , r-4 and q=j-24

Also we have,

C ij= 0 for 1-1,2,3,... 16 and j =25,26,... 32

and for i=17,18,19... 32 and j =1,2,3,.... 8
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Moreover, the following parameters are defined as

t I t4 =i ; t -- t 3

8-1 for r-l or 4
-- i for r-2 or 3

fr" Dxo / (Q11 t 3r12)Sr r-1,2,3,4

gr" A xx /Ql 11tr

r4
D X 4 /A r S4 + (A2+2AAssA )/A A

rq +(A yyAXXr rq XAyy ,c ss rq rq

ee rq yy 1 2

C,-

ce =*rq & (L/R) (R/t)C 12(1-'J1 2V 21 )J

i •1-1,2,3,... 32
J=1,2,3,... 32

• where t 0 for L-1,2,3,4

for 1-5,6,7,... 16

Zi"i for i-17,18,.. 28
1 for i-29,30,31,32

tu ((A /A )X + (A /A ) S )/D.
j r xy /xx rrq yy axxr rq

2 2 2
S j ([(A 2 +a A -A A )/A A I 12 X +(A /A )rS 2 )S /D.
j xy xy ss 'xxyy ssxxr rq yy xxrrq rq j

x t x S /D.j r  rq rq 3

N -y t ~3S IDNxj r rq rq j

2 2  2
Mc at f ((D /D )S X2 x

j r r xy xx r rq rq

t3/2 f k 2 (D +2D )/D S 2
r r rq rq xy ss x-- rq
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The elements of the matrix [c] are obtained by multiplying each

of the following elements (c ) by ee )

ij jj .(Cij ejx Cj

Clj - 1 j-1,2,3,... 8

- 0 j-9,10,11,.. 24

c2j X j-1,2,3,... 8

0 j-9,10,11,. 24

c . uu J-1,2,3,.. 8

- 0 j-9,10,1,.1 24

C4 j M VV j J-1,2,3,.. 8

W 0 J-9,10,11,.. 24

C 5 j - 6 j-1,2,3,.. 16

- 0 j-17,18,... 24

.-- 8, X /t j=1,2,3,.. 16
6j -rq r

M 0 j,17,18,... 24

C~j - vv + h vvS j-1,2,3,.. 8
7j rq

- -uj J-9,10,11,.. 16

- 0 j-17,18,.. 24

c uu h i vv X j-1,2,3,... 8
8j j rq

=- UUj J-9,10,11, 16

U 0 J-17,18,19, 24
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C 9j . 1 j-1,2,3,... 8

= 0 j-9,10,11,.. 16

- -1 j-17,18,19,.. 24

c lo0 i.j J-1,2,3,.. 8

- 0 j-9,10,11,.. 16

- - /t r j-17,18,19,.. 24

S - VV - H vv Srq j1,2,3,... 8

= 0 j-9,10,11,.. 16

- - Vj j17,18,19,.. 24

C
Suu. + H R vxj j-1,2,3,... 8C 12j l

- 0 j-9,10,11,.. 16

- uuj j-17,18,19,.. 24

-13J = 6 Nxx j-1,2,3,.... 24

1 5 Nxy3  j-1,2,3 ..... 24

S= M.XX j.1,2,3, ... 8

- h (vv1-v 12, 21) g2 Nxx

j=9,10,11,.. 16

= - Mxx. + H(vv/1-\12v 21) g3 Nxx

j=17,18,19,.. 24

c16 J  6 Qx j-1,2,3,... 24
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c1 7 J - 0 j-9,10,11,.. 24

- j-25,26,27,.. 32

• - 0 J=9,10,11,.. 24

x 4j j-25,26,27,.. 32

S* ,,0 j-9,10,11,..- 24
S19j uU J-25,26,27, 32

c 20 0 J-9,10,11, 24
aj VV j=25,26,27,.. 32

c 1 j-9,10,11,.. 16

• 0 J-17,18,19,.. 24

- 1 j-25,26,27,.. 32
C21j - - j=9,10,11,.. 16

22J rq r

- 0 J-17,18,19,.. 24

Xj I J-25,26,27,•• 32

c j-9,10,11,.. 16

- 0 j-17,18,19,.. 24

SVV. + h vv S j-25,26,27,.. 32

C24j - - uu j=9,10,11,.. 16

a 0 j-17,18,19,•. 24

= uu + hvv X j-25,26,27, 32
j rq
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c 2 5 j - 0 j-9,10,11,.. 16

- 6 j-17,18,19,.. 32

* -26J 0 J-9,10,11,.. 16

6 t j-17,18,19,.. 32
rq r

S027J 0 j.9,10,11,.. 16

.* - - w j-17,18,19,.. 24

- VV - Rvv Srq j-25,26,27,.. 32

c 2 8 j - 0 j-9,10,11,.. 16

C a - uuj j-17,18,19,.. 24

- uuj + Hvv X j-25,26,27,.. 32
rq

C • 2 9 j - NxJ j-9,10,11,.. 32

c30J 6 Nxy j.9,10,11,.. 32

c - - M= i - h (vv/l-v1 2v 2 1 ) g 2 Nxxc

0 j.9,10,11,.. 16

-Mxx + 1i (\v/1-vV ) g Nxx.
12 21 3 j

j-17,18,19,.. 24

SMxj25,26,27,.. 32

c 3 2 J , 6 Qx I  j,9,10,11,.. 32
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The above elements (c.j) corespond to the clamped supports case of

CC-L • For simply supported boundaries of SS-1 the elements with the

super star ,0, must change to

C 2 J-1,2,3,.. 8

= 0 j=9,10,11,.. 24

c3j NXc. j1,2,3,.. 83j

a 0 j=9,10,11,.. 24

¢4j - Nxy. j-1,2,3,.. 8

= 0 j=9,10,11,.. 24

" M 0 j-9,10,11,.. 24

l x4 j j-25 ,2 6 ,2 7 ,.. 32

¢191 0 j-9,10,11,.. 24

Nxx. j-25,26,27,.. 32

c 20J= 0 j=9,10,11,.. 24

Nxy. j=25,26,27,.. 32
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APPENDIX B
0

COLUMNS PARTIALLY SUPPORTED

BY ELASTIC FOUNDATION

Structural elements supported elastically along part or along their

entire lengths are used very offen in structure confinurations. The

* elastic supports may be a foundation as in railroad tracks, or adjacent

elastic structural elements such as in stiffened plates and shells (7].

Moreover, elastic supports can also be found in delaminated structures

when the delaminated region (or part of it) deforms towards the main

body of the shell.

Although there are many models to represent the elastic support

(which will be referred to as the elastic foundation from here on),

(8-13], the simplest of all these models is known as the Winkler

foundation [8].

The considered elastic foundation is assumed to be of the Winkler

type [8], where the foundation is approximated by a series of closely

packed linear springs, and the foundation reaction at any point is

proportional to the deflection at that point.

A column of total length L, has parts of length / , which are

surrounded by the elastic foundatiopn, so that the elastic foundation

has the same lateral deflection as the column, for these parts. The

rest of the column is not supported elastically (see Figure B-i).
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Figure B-1 Column Parti.ally Suppored by Elastic Foundation
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The buckling equations that govern the behavior of the two regions (with

and without the elastic foundation) of the axially column are

w + L w x -L w 0 (B-1)
,'occx El , xx El

0< x< .,

+ Z w =0 (B-2)
2X~x El ,XX

2< x< L

*• wher 5 is the modulus of elastic foundation

The solution of the buckling equation, Eq.(B-1), takes one of :he

following three forms ,depending on the value of the load parameter (7

- p/2./a'rT) , (for details see Ref.39)

Case I
y> I1,

w = bI cos k I x + b2 sin k I X + b3. cos k2x + b4 sin k2x (B-3i)

where

k W~EI)~ k(y - ' 1
+

0 Case II

'Y

wl b I cos k3x + b2 sin k3x + b3 x cos k3x + b4 x sin k3x

4(B-3ii) .

where k3 = ( /l) 4

3

Case III

Y< 1

e (s+it)x + b (s+it)x+ e(s+it) x + e(S - it)x

where (B-3iii)
s=<O/El) Y-,),' -- :.
t +
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The solution of the buckling equation, Eq.(B-2) ,is of the form

w2=a, cos kx + a 2 sin kx+ a 3 x + a 4  (B'-4)

where
k =VP/El

The related boundary and continuity conditions are

Boundary cond i tions

Either Or

W 0 W p uQ

(B-5)

Continuity Conditions (at xin£)

Vi I''W
2 ,

1,x 2,x(B-6)

1,xxx ,xc

The solution of the buckling equations, Eqs. (B- 3) and (B-4..) requires

knowledge of eight constants (b, 1ai i-1,2.3,4). There exist eight

boundary and continuity conditions .The use of the boundary and

continuity conditions yields a system of linear ,homogeneous

algebraic equations in bi and ai For a nontrivial solution to exist

the determinant of the coefficients must vanish.
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Results are obtained for axially compresed columns with simply

supported boundary conditions. The same solution scheme is also used to

obtain critical loads for a simply supported column with one (two) third

of its total length elastically supported. Moreover, results are

presented for columns divided into four equal parts, two of them being

elastically supported.

The obtained results ar, presented graphically on Figures(B-2) and

(8-3). On Figure (8-2) the critical load, normalized w.r.t. (P -
EE

*2
VEI/L ), for a column with part of length £ , attached to an elastic

foundation, while the rest of the column is not. As the length of the

portion of the column which is attached to the elastic foundation

increases, the critical load increases. Of course all the curves lie

between the two limiting cases, the straight line, P - 1.0, which

corresponds to the case where there is no elastic foundation at all, and

*) the curve presented by the broken line ,which corresponds to the case

where the column is fully supported by the elastic foundation.

Figure(B-3) presents the critical load parameter, Pcr versus the

* normalized modulus of foundation, . On Figure(B-3), the column is

assumed to be devided into equal parts (two,three and four) and one

(two) part(s) of the column is elastically supported. These curves are

obtained primarily to have an (approximate) idea about what changes are

expected to happen to the critical load of the delaminated cylindrical

shell, if there is a contact between the two regions across the

delamination. As the results of Figure(B-3) show, the value of the

critical load depends on the wave number, the dimension of the

structural element, as well as on the (equivalent) modulus of foundation
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of the element. All the parameters, that affect the critical load, can

be found for a specific material, except the modulus of foundation which

has to be determined experimentally.
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Part B: "Buckling of Multi-Annular Plate"



1. INTRODUCTION

The stability of multiiannular plates is being considered. Most

researchers investigated the buckling of a single annular plate (with or

without a rigid inclusion) when subjected to, primarily, a uniform stress

field.

The elastic stability of an annular plate subjected to shear forces,

distributed along the edges, was corsidered by Dean []. Stability due to

bending moment caused by initial stress was considered by Willers [2].

Federhofer [3,4J, Olsson [5], and Eggar [6] dealt with the buckling of

annular plates of varying thickness. Stability analyses under a uniform

compressive load were considered by Olsson [7], Schubert [8] for clamped

and simple-supported plates, respectively, and by Yamaki [9] for various

boundary conditions. Yamaki showed that under some B.C.'s the axisymmetric

mode does not yield the lowest critical load, and therefore higher modes

must be investigated.

Meissner [10] dealt with axisymmetric buckling of an annular plate,

simplybsupported or clamped at the outer boundary and free at the inner one.

Most of the above references used Bessel functions to solve the buckling

equation. Mansfield [11] dealt with an infinite circular plate with a

hole supported along two concentric circles and subjected to radial inplane

loading along the inner circles. The solution achieved was of the closed

form. The same type of problem was considered by Bareeva [12,.!14] and by

Lizarev [15-17]. Bareeva [12,14] analyzed a single annular plate with a

very rigid ring at the outer boundary. A power series solution was used.

The results are given for the first and second modes only. Lizarev [16-17]

employed the hypergeometric function for formulating the general solution.

Results are shown only for the first and second modes. A comparison of
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theoretical and test results was presented by Majumdar [18] for a single

annular plate. The solution for the first two modes was achieved by using

Bessel functions. For the other modes, a Galerkin procedure was employed.

The convergence of the Galerkin solution is limited to 0.2 < r inner/

r outside < 0.6.

Tie results appearing in the above references are usually limited to

the first two modes and are only applicable to a single annular plate. The

results are so limited because of difficulties in the mathematical

formulation and the employed solution schemes.

The present investigation deals with the buckling problem of a

multi-annular circular plate with different material properties and

thicknesses. The in-plane loading is axisymmetric and many combinations of

transverse and inplane boundary conditions are considered.

The stability analysis employs a power series type of solution to

describe the buckling modes (functions). The power series method is used

because of its applicability to the various B.C.'s and different properties

and because it enables a general formulation for the multitannular problem

(buckling analysis).

The described formulation and solution procedure are general. Results

are presented only for solid and annular circular plates. The manuscript

outlines the basic assumptions, the solution scheme, and the principal

parameters affecting both che critical load and the type of solution. The

complete mathematical formulation is decribed, with detail.

The mathematical formulation is based on the following simplifying

assumptions:

(i) The material is linearly elastic, satisfying Hooke's Law.

(it) The properties are constant within each annular section.
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(ill) The stresses are smaller than the proportional limit.

(iv) The usual Kirchhoff-Love hypotheses are applicable.

(v) Each annular section of the plate is thin (the ratio of thickness to

outer radius is small by comparison to one).

(vi) The deformation gradients and the rotations are small.

2. ANALYSIS OF A MULTI-ANNULAR PLATE

The buckling analysis of multi annular, thin plate, subjected to

axisymmetric loading, is described by the solution of the following

equations for each annular part (see Appendix A.3).
C

0 0(rN r),r -N 0 (1)

N0  =0* ~ee, e

DV 4w - N0 Wr + N0  ( wee +--r (2)rr rr ee 2 r(2
r

where N0  are primary state stress resultants in the radial and
* rr' N6

circumferential directions, respectively; w is the transverse

displacement; r e are partial derivatives with respect to radial

or angular coordinates; and D is the flexural rigidity.
(

Eqs. (1) govern the primary state. The other equation, Eq. (2), is

the buckling equation and is derived through linearization of the

transverse equilibrium equation. The primary state is first solved for the

entire plate. Then, use of these solutions (Nrr , Nee)0 in Eq. (2), leads

to the buckling analysis.

k • , !! !! | . ... , . - ... .



2.1 Primary State

The governing equilibrium equations of the primary state, for each

annular section, are given by Eqs. (1). The in'plane stress distribution

(see Fig. 1) is determined through in -plane equilibrium, Eq. (1), and the

following in#plane displacement and force continuity conditions of the

adjoining boundaries (of neighbouring annular plates):

u =u

ii ,ui+li
(3)

N ° 0 = N °0

rr ii rr +1 li

where:

-Aii, uii+ 1 are the radial displacements of plates i and i+1 at the

common joint, I.

N o , N o are the radial stress resultants at joint i of plate i and i
Nrii 1+11

The stress distribution is derived by using the stiffness approach

(for details see Ref. 20). The equations, using matrix notation, are:

S u = -Pe (4)

where: S is the stiffness matrix [s zj I ,j = 0, I..., N-I;

u is the displacement vector at the various joint, [u 0;

.pe is the boundary stress resultant vector at various bounding

circles [p e]; and I,j are integer subscripts

The sign convention for displacements and forces is described on Fig. 1.

The stiffness matrix is not symmetric and the relation between the

off-diagonal terms ts:

%r 0

.. 0

• L -i -....' .+ ..' -i ..' - -.? -T -. .-- .- .-' + " . " ' - ." ." . .-" ." . -" " .---" .--. " -' .+ -" .--, -+ . -.' .-, . , .-.+ , ' .- ' + -.+ . -.' ' -.



r s j =rjsj, (5)

where r r are the radii at joints Z and j. The stress field, for an annular

0 plate i, is given by (see Ref. 20)

N =-N + N /r
r1 0 oc

Ne -No -N 2

N0  -0 
(6)

r01

22
N 2 (NN )/ (B2 1)rr rr

N 22 2 )

oc 8r (N i- Nrrii I

where: e0 N 0 N are the radial, circumferential and shear
rr1  BE)e re

stresses in plate i.

- r i-i /r i - ratio of outer to inner radii for plate I.

r 1 , ri - outer and inner radii of plate i.

The stress field in the central part is uniform and equals:

0 N0  -N 0  (7) 
N N Nrr7rrN rrN-1 N-i

(G

"'( "" ." " " ." ' ," " " ' , , , . ' . ' " ' - .""' .". "" '' .- .. : """"'- -Li ' .-." . ' " ., " .
" " "' ', ' :' " ' " .. . "i".. ., ' , '' ' ''' ' " " "' ' " ' " '" " " " ' "' ''4 - " '



where N 0  is positive if acting outward.
rr N." Nel

P1
-- ~ P1. i

/~ ~ 1 N. p. -

~-p1. N-

N-1pl. N r .

i i 

P

a) Forces b) Deformuat ions and Geomtry

Fig. 1 Forces and Deformation in Annular Plate

2.2 Buckling State

The buckling equation for each annular or circular part is given by

Eq. (2). The detailed solution of the equation using a power series

procedure is described in Chapter 3. The characteristic equation is

obtained through the satisfaction of the boundary conditions, continuity at

common joints and kinematic constraints, if they exist (see Fig. 2).



Sym.

*e/ 3 pea/2

00

Fig. 2 Loading and Section of the plate

The continkity conditions which muist be satisfied at. joint ., r ri are:

w it=w +I

iiU,r wi+li,r

0 (8)
M it'M i

iti ,i i+1

where (see Ref. 19)

iu=1w rr r-(w r r ee)] D, at r r (9)

N 0

Q(V w), [ (-W, ) I D + r w. at r =r (10)itr r r 8'DO ,

and D E 3/1 2

)t1 is a "plate t+1"1 parameter evaluiated at joint I.

(The first Index designates the plate and the second the joint);

63



Mrr, Qr are the bending moment and shear force resultants

respectively, and N is the radial stress resultant of plate I at joint
rr

i.

The conditions of the boundaries are as follows:

Edge boundaries:

Clamped: w = w,r 0

Simply-supported: w = M = 0 [see Eq. (8))]

Free: M - Q = 0 [See Eqs. (8) - (10)]

Free to deflect not to rotate: w, r Q - 0 [see Eqs. (8) and (10)].

Free to rotate but elastically supported in transverse direction:

M = Q-kw w = 0 (kw is the extensional spring constant in the transverse

direction).

Elastically restrained against rotation and transverse translation:

krotW r w- 0

(krot is the rotational spring constant).

If any kinematic constraints exist at an interior joint, I, the

following equations replace Eqs. (8).

Transverse (knife edge) support: wii = Wi'li = 0, w ii,r wi+lir;

Mii Mii+1

G4
• G0

. ...-.

' . . -"- '.. , . ,. -.- .-... .. . . . .."-. ..."-"'. "" .,-"-. ."" t j "". . . ' -,. 'f f ,J ¢ ._ 
"



Completely fixed wii i+ii ii,r Wi+li,r -0

Transverse extensional elastic support: w - wi+lir' M ii Mili,

Qii * Qi+li - kwiwii - 0 (kwI is the extensional spring constant at joint

I in the transverse direction).

The deflection of each annular or circular part, wi, is described by:

* wi(r,8) = [ E BiniF1ni(r) + B2nF 2 n(r) + B3niF3ni(r)
n-O

+ BniFi (r)] cos no (11)

where:

F (r) denote the four independent solutions for the plate, corresponding
kni

to the wave numbers, n; k assumes the values of 1,2,3 and 4 to the four

* independent solutions. Bkn i denote constants to be determined through

boundary and joint conditions.

The characteristic equation is solved by using the Newton-Raphson

* procedure. In cases where the convergence is poor a RegulaFalsi or

bi-section method is used (See [21J).

The details and a clarification for the employed symbols is presented

( in the subsequent sections.

3. SOLUTION OF THE BUCKLING EQUATIONS

A power series solution is used to solve the fourth order ordinary

differential equation, derived after separation of variables. This type of

solution is chosen, because of the versatility of the solution, and its

applicability to the various boundary and joint conditions, and the various

(1
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types of loading. The separation of variables is achieved by assuming the

deflection to be of the form,

wi(r,e) = I Fni(r) cos ne (12)

where r, e are the radial and angular coordinates, and Fn(r) are the
deflection functions in the radial direction (corresponding to plate I and

wave number n).

4
Substitution of Eq. (6) into Eq. (2), multiplication by r and omittng the

trigonometric functions, yields,

r 4FIV + 2r3F"nI ' r2 (1 + 2n2 + $ 2 1 r a F + 2n2+ 22r ni ni ci gi.t ra ( 2n2+ ctii

+ r2a2) FI  FnEn 2  2 + 2 + r2 2 )] 2 0 (13)
+ n i nl (4n +  Ica

| 2
where ( )' d/dr; a 2. Noi/Di (see Eq. [61); and 8 = N N

ci oc 0

A power series solution, of the form given below, is assumed

Fni (r) = An j r J + Sni (14 )
J-o

Substitution into Eq. (13) yields

onir j ~ n (+S n 1)'4 (2+2n2 + 2cta' ) (j + Sn?1) 2+ [(n~i) 2 +
.1-0 njn O I a1 0+snIi~ n6

2 J+S ni+ 2 2 2 2
a (Pn 2)]} + Antr a [(J+I) n 0 (15)
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This equation when expanded yields terms multiplying powers of r of

Sni+J
the form r , with j = 0,1,...2. The multiplying terms contain Anio

for j - 0; Anil for j 1; and Anij and Anij&2 for all other j-values

(2,3,...). It can easily be shown that one solution is obtained by

requiring AniO 0 and AniI k 0, and another solution is obtained by

requiring Ani0 4 0 and Anil * 0. Both lead to the same solution for the

buckling problem.

Thus, for j = 0 the indicial equation is:

(Sni1)4 t- (2 + 2n2 + 8cia i2 )(Sni 1)2 + [(nl)2+ 8ca2(1n 2) 0 (16)

Note that this equation, Eq. (16), and all those corresponding to other

values of J (* 0) are quartic algebraic equations in Sni.

The four roots of this particular quartic equation, Eq. (16), are:

2 ~2 1422 8ii 4n2. 22ca 2 8cia1 4

(a ~1) 2= (1+1. 2 cii + 4n+ 2n 2 a a=Y ~6ni-11,2' 2 ci + 4 ni+ nt

2 2 -c 2 22 2 ai

2 3 n 2 c 12+ 4 ni ni
(S i 3,4 - ) +n2 +82 4 = Yni -ni (17)

t!

where Y is equal to che terms in parentheses, and 6 in s equal to the

terms inder the radical sign of the right-hand side of Eqs. (17). The

recurrence formula, in the general solution [for all k - see (Eq. 11)] is:

e.!S.- L .



kni2 142 22[(iskal (5 ] k-2 -2n %Ii A knij s 1

(j - 2,14... even) (18)

(k - 1,2,3,14)

The various types of solution depr-id on the type of roots (real, equal or

complex). The general solution (for the case of four distinct roots);

Fkf(jr) A r~ + s kni (k -1,2,3,14) (19)

where n is the wave number;

i refers to annular plate i;

k identifies the four independent solutions;

j refers to the j-'term; and 
A

s denotes the kth root of the indicial equations, Eq. (16), see

Eqs. (17), for plate i and wave number n.

3.1. Types of Roots, sknj

The roots of the indicial equation, Eq. (16), can be either real,

equal or complex conjugate. First, we'll determine the various types oC

the roots, and later we'll dtscuss the intervals of validity. In general,

the roots can be written as

66



(

s sR +isI(2a
Skni kn i +1 (20a)

where

0

S R He Es I + R I I
Re i Pnil +nil - Im [Sil

R R I I
* Sni2 i= nil : ni2 = nil (20b)

R R I I
ni3 -

1  ni2 ni3 ni2

R R I I
ni4 1 n1 n12

* R I R IThe values of Pnil' Pnl' Pni2' Pni2 depend on the values of 6 ni [see Eqs.

(17)]. For 6ni > 0 the quantities in Eq. (20) are as follows: First, let

* y + 6 -y f61* nil ni ni ni2 'ni " " i

Next

Sif 0n11 0, then Pnl- nl 0
R I

if < 0, thenP = nil = n (21)nil ~~nil nl'F i

R Iif 0n12 Z 0, then pn12 ' n12 Pn12 0

if 2 
< O, then P 2R 0 Pni2 =

Moreover, for 6ni - 0 we have,



i >O nil = ni2 I'yni ~ nil = ni2

R R I Iif Yn= > 0, then pnil - Pni2 = nnil = Pn12 = 0 (22)

ifY <0,thenpR ' p R p I = I
ni nil ni2 nil n2 2

* and for 6ni < 0

R 4.pR Y i1 (3* ~ ~ ~ ~ ~ n nnli~i p 1  ~ 2(3i R I 

Pnil ni2 6ni nil

The range for the various types of roots depends on the magnitude of $ciai

,. for each of the values of 6nI .

For 6 > 0, the roots are real, If Z 0 (meaning Y Z 6 /2
ni n12 ni ni

thus, if ci 2 > 1, then sn13 S (Real)

2 2 (24)
and if 8cial . n - 1, then sn13 Sni4(Real)

The four roots are equal if 6 = 0, thus

c= 2 -4n (n -TIn-) (25)8ciC i

(See figs.3).

The various solutions, Fnik(r), depend on the type of roots, (real,

2equal or complex). The relation between 6ciczi and P is
cr
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Ran'ies of equal roots

-Two equal roots

251

complex roots

Real roots

(Eq. 24)

Complex roots

n -Pqncte nlittbet

Fig. Z: Range a+ Equals Roots for various Buckling Modes.
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01

where N 0 [see Eq. (6)] is the valae of N 0 per unit or buckling force,
cl

and V is the relative rlexaral rigidity.

The two lines appearing on Fig. 3 represent points of singularity, for

a given n, in the buckling characteristic runction [see Figure 4]. The

characteristic function is obtained by expanding the determinant that

yields critical loads. This determinant results from requiring a

nontrivial solution to the set or homogenous linear algebric eqJations in

the undetermined constants, Akn i. This set is obtained by using the

toundarl and joint condttions.

iD Dt=Fc

rsi1 Z# c rsi 2

• ""Fc(Pcr)=O

1) Complex roots solution
2) Real roots solution
3) Two eqial roots solution
4) Four equal roots soluJtion

PCrs - (n 1) D INoi
*t Oct3

P 2_%rsi - -4 n (n- n -1)DUN
2 Oct

Fig. 4. The characteristic runction versus the critical forces
for the various types of soluttor-

>. D.



1, F- '7 18 In ,

The singularity in the characteristic function is due to the

discontinuity in the type of the roots. In each interval, the function is

continuous, but not at the ends of the interval with the equal roots. At

these points, the function is approaching zero either from the positive or

the negative side, and exactly at these points, the function can assume any

value, including zero. This numerical phenomenon occurs because the

solutions for complex or real roots converge to two or four 2qal solutions

and do not approach the appropriate solutions for equal roots. The

characteristic function is calculated through the determinant of the

buckling matrix. The cases of equal solutions means, two or four equal

rows in that matrix, meaning the determinant is zero. The roots for n = 0,

1 and n Z 2, and for 0 $ci 1 - are described in Table 1.

3.2 Types of solutions, Fkni(r)

This type of solutions depends on the type of roots. In general, the

power series solution based on the recurrence formula, Eq. (17), is

correct, for all four independent solutions (k - 1,2,3,4), only if the

roots are real, i.e., they are different and the difference between each of

them is a non-integer.

The solution in case of two equal roots, (in general) equals:

Fi(r) - C F (r) In r + i b rskni+ j  (26)
F~n 1 kni iJ-0

where F and F are solutions corresponding to two equal roots,
(kni (k+l)ni

C1 is a coefficient that can be obtained through the recurrence

procedure, and bnij are new undetermined coefficients.

(i
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The solutions in case of complex roots are based on the recurrence0
formula, appearing in Eq. (17). The two solutions are determined by

considering the real and imaginary parts as two real solutions yielding:

* R

Fii = r Sni1[S cos (s I  in r) f S 2 sin (s I in r)]nil n(27)
R

F 12 - rni1[Snil sin (s ni in r) + Sn12 cos (snil in r)]

where

R
R 2 ,N/2 N/2 R N Snil

nili 2 air
2  ..... (I) a1  aniNr)rr' R

I 2 N2N/2 I N SnlSni2 (-a a rhi + ... (' I) a anir )r
ni2 i i niN (27.1)

R I
Anij a nij + ianij

In the case of Bci = 0, the roots are integer and the second solution,

Eq. (26) is equal to, Yn(r), a Bessel function of the second kind of order

n. Using the power series, this solution becomes:

00j + Sni

Fni2 CIFni in r + C2rnln r + I bnij r (28)
J-0

where CI, C2 are constants calculated through the recurrence procedure,

n is the number of full waves, and sn12  2-'n is the second root of indical

equations (See Table 1).
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The type of solutions for the buckling equation depends on the following

parameters:

(1) Number of circumferential full waves: n - 0,1,2,...N

(2) The value of ratio of the non-uniform part to the uniform one, aci

< or - or > 0.

(3) The type of roots of the indicial equation, e.g., real, complex,

equal or different by an interger.

The various solutions for the parameters, mentioned above, are described in

Table 2. Moreover, the various solutions are shown in Appendix B.

The solutions derived, using the power series method, usually

converge. The convergence is checked either by using tests for infinite

series [21] or by substitution of the solution into the buckling equations

Eq. [13). The criterion for convergence using the second approach is:

6J

L (Fkinrj) I 10 (29)

where: L is a differential operator, see Eq. (13),

rj is the radial coordinate at the boundaries of an annular

plate, and

Fkin(rj) is the k~th solution of plate i different from zero.

If the test fails, then the number of terms in this series must be

increased. The results obtained by using these tests are considered to be

accurate, when compared to the results reported in the open literature

(used as benchmarks).
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TABLE 2: Solutions for B >0

* (Subscript are omitted for simplicity)

root Solution

)+F I . u 2
1 u00 s1+0. F =r 2 2 +

1 1 1+0. C (2+0. )2 -0. (3+

N/2 N
. . .+(-1) LA 2 .

.•. N

(N+1+i0. ) 7T I ( j"kj. ) 2- " ]

1-02.2
I I

s -0. F,= r 1 0 I21 4.2 2+1-0. E(2-0 ) -02 (3-0.)

N/2 N
(-1) N L

N
9 (N+1-0.) ITE (J-0 i2 3

2

s23=2 F13 r2 .u...
2 (320 2)

1

N/2 N(-1) ii.

N
(N+2)-T-E (j+1 ) 2-.2

F==C

4 4

Notes: j=0,2,4 .... even

Ci I

1
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TABLE 2: Solutions for r. >0 (continued)cl

n root Solution

1+0. 2

I s1=1+0 F1= r +( 1 21 1+0. [ (2+91 )2 _02

I 1 i

N/2 N

.. .+ (-I) N 2 N
N
i 3-_

(N+l+oi> I[(j + i)20. ]

1-0. 29

s= 1-0 F,,= r 1 Lt +

1 1
2 i 1 -0 . C(2 -0 .)/ 2 N 023( - .

(-1) 
N / 2 LN

N 2 2
(N I -0 )  r M (j-) - 0. ]

s3=I F =r

N
i 4= F 4= rln(r)+ r

where: b 2 ./)/2.

b -12 .2_ 2 j
'- i [ (i+l) -n 3b j-2

(i .2_02)j2
1

Notes- j-0,2,4.... even

o. sqr(4+Bc *2
I cl 1

u=. r
o1

i~b.Lr .~J ~ -



TABLE : Solutions for F 'I (continued)
- - ----- -- --

root S01L t ion

PrJ
1 ~~ E(2+0 )~-Q)]E (2+0 '4i~

N

=2 -11

2 2- [( j QI) " - s 3

s4 1-~i F : osEii () € r n1 1 ISI 2W

(- 1N1 )....

1-A0s u 2 ... (-)2_n 2 A
1 2

S3= 1 +1 CA 2  F3 rcoxcc,) 2 1rr)2S1 rs,.nC 2 1 n (r) 3S,

0 4m-0 2  F ircosC0,1n(r)]S,4rsinC0,1n(r)2S1

S u-A c ose U'+. ..(-I) 'u~( )Cos(~~1 2 j=2 ~
SS.:-A 2 sl& 2 u....(-I)N/ N N

S-=- so. (1N/2 LN TrA.a)sin(r.$

where:
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TABLE 3: f3 .-0

n root Solution

=2 2 +(-1) N/2 u N 3(ON 02 2
... ~~ r=T ( J+2)

j=2

s22 F= = YO (L

s3=0 F3=Const.

.4 =Q F 4= ln(r)

Notes:
J (U) - Bessel function of First kind and of order 0.

Y (u) - Bessel function of second kind and of order 0.
0

u=t. r

2 N/2 N
n u (-1) u

Sl=2+n F r (1- 2 2 + ' ' " +

1 1 (2+n) 2n 2= [(j2+n) 2n2]

.J (L)
n

F I  s) A
- s2 2-n F2 = Y( s=s ( O

s mn F r n23F3

s4 =-n F= rn
4 4

Notes:

J (L) - Bessel function of first kind and of order n.
"- n

Y (U) - Bessel function of second kind and of order n.
n
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TABLE 4: Solutions for .<0

(Subscript are omitted for simplicity)

n root Solution

0 0.10- sqrEl-abs(13 i)d2]
1 i ci i

2.= Solutions are the same as in table 2, but

5 *=2 with a different 0i"

4

------------------------- --------- ----------------------------------------------

5s=1 Fl=r

s21 F2=rln(r)+, bjr

where: b2=-2

I ci. 1-2-b. .A
-- 2 1 nom
D e en~j

A j-1-n; "D (j2 -1)
•nom en

02=2 see table 2 with n=O

s4o see table 2 with n=O

•Sl 1 +i0i F 3 rcos[E i ln(r)]S -rsinr.0i ln(r) 2

s2 =1-ii F 4=rcosI i ln(r)]S 2+rsin [ ln(r) 1

2 1)N/2 N . )co

S 1 =-A 2cos" 2u +...- U-I N )Co .

2 N/2 NS2=-A sine®2u .. (-I) U (r A ) sin (tf,

2 2 22
2( It(. )riS A. (R7+I2) 4 b.arctg(I /R.)2Bc 1€ ci I i i j j

R ={(0-1)[i2(.j 1)-2jO 3]+0; (Zj+2)'x/IDi

I=(j- (.j+l) -20 i(j_1) (3j+ j/1D i

ID i l
2=1i2(j+1)-2'j iI+[k ij (3j+2) 2 ]2

A



TABLE 41 Solutions for Rf .<0 (continued)

n root Solution

2 s=2 same as in table 2 with n=O

i 4=0 same as in table 2 with n=O

s1=1+oi Same as in Table 2 with n=1.

"4 i =I .=sqr[1-abs(l .) :]
S.3=1 F- = r

N

s41 F rln(r)+r=b rJ
4=4= a=0 j

The series coefficients are determined

using the procedure described in Appendix

S.2.3. 1

--------------- --------- ----------------------------------------------F==

siI F1 =r

s2= F 2=rln(r) =b r

2 .3
2I(3C i 0(i =4 2. j 1 "

G. si=1 F.W rEln (r) 32+_L.c j.jr

3" ji=OrJl

'= F -r ln(r) 3+ d rj 1

4 4 j-0j

The series coefficients are determined

using the procedure described in Appendix

B.2.3.1

is I = Iii F 1 =rcosC0 i ln(r)IS 1 -rsinr i ln(r)IS 2

s2 =n1-io i F 2 =rcos[iln(r))S 2+rsin[Eiln(r)]S I

=-A cosau 2 +...(-1)N/2uN NL

2 N/2 u ( jTr2 )cog

S.,-A sin u2u ... (-1) N/2  j N )sin( )
2- 2= A -2

2 +'/0 - j ) A(R+I .) : 9.=arctg(I /R.)
lr2 "ci R i Cj 2

RJ=Ej-2(j-20. )+9I. 3jD 2

I j=2(1 -0i )/ID 1 2 lj



TABLE 41 Solutions for r 4:<'( (continued)
CI

n root Solution
I D  1 2 = J  Lj-2 ) '1

S F.=r

• s4= F4=rln (r) *__J.oj + '

4 4 J=U j

The series coefficients are determined

Using the procedure described in Appendix

B.2.3.1

n =-

Ir=+ t+l The same as in Table 2 with n>1.

Ss2=1-,01 The same as in Table 2 with n>1.

Cs=140, The same as in Table 2 with n>1.( : 2

s The same as in Table 2 with n;:.l.4 24

Notes:

O =Cl+nrabs(ri )L/214n+2 bs ( )01 +(absmC )o-) /431 cxi ci i ci i

2 2, 2' 2' -$ 22 1
0,..CIn +abs(ri . )U/2 ]-E4n2+2n abs(rji )+( abs(B .-l)/43

41 1 1i

s= 10 R 0 iO Fl=r {coscoln(r)]Sl-sinCOiln(r)]S2 }

* n> 2

s.,= I +QS-io F,:r (ascos0 ln(r)) +sinO + ln5r) I
R- I 2 n0 11nr 1)

,, S=-A cosau2 +". 1 )N/2uNjj.-) ( =k2A ) Cos e.)
r~i 2 1 2 2 j=2j i - 3C1 i'

(1N/2uN(ffA )sin(=S :A sin&~ U +.. (-l) U *A )i( .

A =(R.+I 3 &.=arctg(I /R.)
- a-- -- -a . .- - - a- -

Notes.

R R D+I N I D  (I NR D-IN ID

abs(D ) abs(D )

R N= 0-1 .R T (.j-I) -

4 2 2
R=j+4j(i-Y0~ +2(3i4 - r-t) r2 - r 2

I No 1 E2(0-1)+20 23
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TABLE 4: Solutions for .i<O (continued)

n I root Solution

Notes (continued)i
ID=0 iE4j ( j 2_, )+2 (3j 2_ 0R 4 j ( +20 2)+40 3]

2 2abs(D. ) = R +1 0
D DI

=4n 2 +abs- .) 2 2

- 4n2 +2nA abs" .2 '+(abs (0 2) 2 /4
c1 I Ci i

Rs=(j+4) 0 IR=Rscos (s(9 s : 0 1 Rssin() :=artg T

n>=2 1-0 Rn =>2 s R-io I  F3 =r (cos[Os Iln(r)JS I+sin[U ln(r)3S 2)

Irci i 1-1

s 4= 1-0 R+iO F =r (cos[ ln(r)]S -sin[Il ln(r)]S l

4 R I 4= 1 2 11

The varios functions appearing in the

solutions are the same as above but

with 0 R=-R .
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TABLE 5. Solutions for r _ .ind M.)

n root Solution
* (1l..

0s - I C i  Fl=r ( 1+l

6 c >0 0 . =(1+rB . z 1J

( 1-i.)

* s2= 1+0 F 1

S I-1=1ip i  Fl=rcos[C. i1n(r)]

kOi=i ( I rci 1-1)Iz Ir3ci 1 >1

s 2 =lii F 2=rsin[p1i. In (r) ]

11

* liz

1 . 1

Cl

Sc i =1-3 0o=0

F2=rln(r)

* Am 2

s3=2 F 3r

s4=D F4=Const.

For n 2-I> rd For n 2-I< r

1 ...p
11

C sI=1+1 F1 =r

1=01

n>= 1+02
s=F F=r F=rcosC ln(r)]

S-2 3 2

l F =r F =rsini1 ln(r)]

For n2-1= .:

12
£l~+I 1 =r
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TABLE 51 Solutions for B = and tZ.=CO (continued)

n root Solution

1-0.

a 2 1 1F 2 =r 1

5:3=I F ur

s 4 1 F 4-rln(r)

Notes a

0 =(I +n i ./2) +(4n"+2n'I3 .,o + d z1/4

2 2 2 2 %/0l2 (l+n +ri /2)-(4n +2n B .d/4)

13 .<0 The solutions are the same as above but with
a irci instead of Bc



4. NUMERICAL ANALYSIS AND RESULTS

A computer program was developed for the analysis of multimannular

circular plates, for various boundary conditions and types of loading. The

program uses double precision and the maximum number of terms in each

series is eighty. The "differential equation" convergence condition [(Eq.

29)] is checked for each independent solution, Fkni(r), at each coordinate

of the adjoining boundaries, rj. The various solutions are obtained

through the following four subroutines.

a) Solution for uniform stress field, meaning aci - 0.

b) Solution for real roots, but distinctly different.

c) Solution for two or more equal roots.

d) Solution for complex roots.

A relation exists between the various subroutines. The solutions

0
obtained using subroutine (b), for integer roots, converges to the one

determined by using subroutine (a). The solution for nearly equal roots, r

obtained by subroutine (b) for real roots, or subroutine (d) for complex

roots with equal real parts and very small imaginary parts, do not converge

to the solutions obtained by subroutine (c).

Numerical results are generated and discussed for a two part plate,

annular and circular (inner), with constant thickness only. The main

parameter influencing the buckling force are:

1) The ratio of the radii ri/ro, inner radius to outer one.

2) The ratio of the moduli of elasticity, E2/EI, inner part.

3) The number of waves in the circumferential direction (buckling mode).

4) The location of the loading, applied at the outer radius as opposed to

the inner one.

5) The boundary conditions.

8 r .
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In order to get an understanding of the influence of the various

parameters, a few cases are analyzed, and some simple parametric studies

are performed.

4.1: Example No. 1 (Simply-supported)

The first example is a two-part plate loaded and supported at the

outer boundary, see Fig. 5. Critical (buckling) loads are calculated for

the following parameters:

v1 = v2 = 1/3 (n= 0,1 modes)

1t - t2 = 1.0

E2/E-- 0 (Hole), 0.01 (cir. part very flexible),

0.1, 0.5, 1 (uniform),

2, 10, 100 (Mir. part very stiff)

rl/r 0  - 0.0, 0.1 ........ 0.9 (Dec. = 0.1)

The analysis using the above data covers the whole spectrum of

rigidity ratios starting with a single annular plate (E 2 /E I - 0), through a

plate with a very flexible central part E2/E I - 0.01 to a plate with very

rigid inclusion (E2/E1 = 100).

Curves of critical loads versus the ratio of the radii, rl/rO, for

different (E 2 /E I ) values for n - 0 (axisymmetric) and n = 1, with v - 1/3

are presented on Fig. 5 and 6, respectively. From these two figures the

following conclusions can be drawn:

1) The lowest critical load corresponds to the first mode, even for large

values of E2/E I .

" 88
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/ E2IEI=2. 0

*E2/E1=199.9 /E2/EI=10

E2/EI=l. 9
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RI/RO

Fig. 5. The buckling force versus the radii ratio (rl/r 0 ) for various
rigidity ratio% with n - 0 (axisymmetric mode) and a
simply-sapported plate. The plate 1.s loaded at the outer
boundary.
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2) The critical load decreases with increasing value of r 1/ro for E2 /EI <

1.0. On the contrary, for E2 /Ej > 1.0 the critical load increases

with increasing value for rl/r O .

3) For stiff inclusions (E2/EI > 1), the buckling mode is such that both

parts of the composite plate participate (the inner complete circular

plate and the annular part), and buckling seems to be triggered by the

annular part.

4) For flexible inclusions (E2 /Ej < 1), the buckling mode depends on the

values of both ratios, E2 /E I and r1l/rO . For large values of E2 /E I

(definitely for 0.5 E2/E I < 1), the mode behavior is similar to that

corresponding to the case of E 2 /E I > 1 (See 3) above). On the

contrary, for extremely small values of E 2 /E I (it is checked for

values of 0.1 and 0.01 and the observation probably is true for some

E 2 /E1 values in the range of 0.1 < E2/Ej < 0.5) the mode behavior

depends on the ratio of the radii (rl/rO). For E2/EI - 0.1, as long as

rl/r 0 is smaller than approximately 0.55, the buckling mode seems to be

triggered primarily by the annular part and the critical load is a

little larger than the one corresponding to E 2 /E I = 0 (pure annular

plate). On the other hand for rl/r 0 m values larger than 0.55, the

critical load is smaller than that of the pure annular plate and the

buckling mode is triggered by the inner and more flexible part. It

appears that for E2/Ej = 0.1, the corresponding curve approaches the

value of 0.4282 as rl/r 0 approaches unity (a complete circular plate

with bending rigidity equal to one tenth of that of the case E2 = E1 ).

5) The graph for a single annular plate (E2/EI = 0), is similar to the one

appearing in Meissner's paper [10]. The only difference is in the

result for the homogeneous plate (E2/E1 =1). The present result for the

90
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boundary.
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critical load is 4.282D/r 2 and not 4.20D/r 2 as predicted by Meissmer.

The present result corresponds to v - 0.333 and Meissmer's to v - 0.3.

Thus, the difference is a measure of the Poisson's ratio effect.

It appears that the Influence of the Poisson's ratio is significant

for annular plates with either small or large values of the ratio for radii.

For small values (rl/r o < 0.4), the higher the Poisson's ratio the stronger

the configuration (against buckling). For rl/r o - 0 (full circular plate),

the difference between the critical loads, corresponding to v = 0.333 and v

= 0, is of the order of over 25%. This difference diminishes (for the

annular plate) as rj/r 0 approaches the value of 0.5. For higher values of

rl/rO, the influence reverses direction and it increases with increasing

ratio values. Note that for r1l/r0 - 0.9, the critical load for v = 0 is

higher than that for v - 0.333 by approximately 10%.

4.2 Example No. 2 (clamped)

In the second example, the influence of the boundary conditions is

* - checked, through the analysis of a clamped plate.

In this example, the clamped plate is loaded at the external boundary.

The critical load curves for a single annular plate are presented on Fig. 8

and for the two-part plate on Fig. 9. The results are determined for the

following parameters:

v 1  = 1/3

t 1 - t2 - 1.0

n = 0,1,2,3,4 (wave number)

E2/E = 0,0.1,0.5,1,2,10,100 (n = 0)

r11ro - 0,0.1 - , 0.8

K.. .



--- --- n=D,I.2,3,4 (E2/EI-6.0)

n=4

n=3

n=

Ri/RB

Fig. I8. The smallest buckling 'or,. mf a clamped annular plate, loaded at
the oiter edge.

-.-- ~~:-*x-- Axisqmeoetric Modle(n;B)

E2/E/z2/EI8.a

S15

I./R

Fi.9: Pcr ve~u r1/ro ror various rigidity ratios with n -0. clamped
and loaded at the outer bou.ndary.
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The critical load curves versus the ratio of the radii, for a single

annular and for wave numbers, zero to four, are presented on Fig. 8. The

curve for the axisymmetric mode is exactly the same as the one appearing in

Meissmer's paper [10]. The results appearing in Ref. [10] are limited to

r,/r o S 0.563. For ratios greater than 0.52 the higher buckling modes

govern buckling which is in contrast to the previous example (simply

supported case). On Fig. 9, the critical load curves, corresponding to

different E2/Elvalues, n = 0 (anisymmetric), and v = 1/3 are presented.

In this case, Fig. 9, the following conclusions can be drawn.

1) For E2/E I > I the critical load increases with increasing rl/r o -

values, while for E2 /EI < 1 the picture is a little more complex.

First of all, spot checking of these results (E2 /EI > 1) showed that

the critical condition is governed by axisymmetric behavior (n = 0).

It is also observed that, as the middle section (the complete circle)

becomes stiffer the critical load increases more rapidly with

increasing r 1/r0 -values.

2) For E2 /E1 < 1, we observe several things. First, as long as the

stiffness of the middle section is only two to three times or less

smaller than the stiffness of the annular (outer) section the response

is similar to that of the simply supported case, and there is a

decrease in value of the critical load as the rl/ro -value increases.

In this case the buckling mode is such that both parts (inner and

outer) participate equally.

On the other hand, when E2/EI is zero, we have already seen (Fig.

8) that the critical load increases as rl/rO Increases, and the mode

becomes noniaxisymmetric. For E2 /Ej very small, or for inner section

stiffnesses several times smaller than the outer section stiffness, it

-... ,- ,...oil................................................. "



is observed that for low values of the r1l/r0 ratio the behavior is

similar to that of E2/EI - 0. This means that there is initially a

decrease of the critical load as rl/r o increases; a minimum value is

reached; and then there is an increase (see curve corresponding to

E2/E I = 0.1). As the value of r1l/r0 further increases, there is a

distinct decrease in the critical load. The explanation here is that

in the former case buckling is governed primarily by the annular

(outer) section while for the latter case buckling is governed by the

inner and less stiff part. Clearly in both cases (for the full range

of rl/r 0'values), the presence of a very flexible inner part weakens

the annular plate. Note that the curve corresponding to E2/EI = 0 is

higher than that corresponding to E2/EI - 0.1.

4.3 Example No. 3 (Load at r - rI in the inward direction)

In this case a simply-supported plate loaded at the inner radius is

considered. The uniform radial load is in the outward direction. The

curves for the following data are presented on Fig. 10.

v 1 - v 2 = 1/3

ti - t2 = 1.0

E2/E = 0 (Hole), 0.05, 0.1, 0.15, 0.2, 0.3

rl/ro - 0.2, -- n, 0.8 and

n - 0 (Axisyummetric mode)

The curves on Fig. 10 correspond to a single annular plate with a

flexible inclusion. The critical load for a single annular is very large

for rl/r 0 < 0.2, since the inplane stresses are very small in most part of

the plate and are very large near the point of application. For rl/ro >

0.2 the stresses are distributed more uniformly within the entire plate.

qS
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Fig. 10: Per versus r1/ro for vario43 rigidity ratios with n *0 and
3tMPlY supported plate, loaded at the Inner joint.
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Fig. 11: The total biCkling torce (Pcri'i) versus rj1/r for varios
rigidities, with n -0 and siupir-apported plate, loaded at the
inner joint.



In the case of the plate with the flexible inclusion the buckling

force becomes small around rj/r 0 A 0.55. The critical force increase, for

all values of E2/Ej, as the radii ratio increase, since the tension in the

central part is governing. The force for all r1l/r0 increases with

increasing of the rigidity ratios.

The "total" force, pcr r1, versus radii ratio rj/r 0 is described on

Fig. 11. In general, the trends of the "total" force appearing in the

* figure and the critical force described in the previous one are the same.

The "total" buckling forces for rl/r 0 S 0.2 are bounded and don't go to

infinity as can be deducted from Fig. 10.

5. CONCLUSIONS

A buckling analysis of a multi-annular plate is described. The

stiffness method is used to determine the primary state. The buckling

equation is solved rigorously using the power series method. Convergence

is proved either by the infinite series convergence test or by the accurate

satisfaction of the differential equation condition. The versatility of

the proposed solution is proved by the solved examples. The numerical

examples reveal that the influence of the different annular parts and of

the central part may or may not improve resistance to buckling. The

influence of the various parameters, rl/r O , E2/EI , v, n, is discussed to

some extent for a two-part composite plate. A complete parametric study is

recommended to understand the influence of the various parameters on the

buckling behavior of multi-annular plates.

The proposed solution is also applicable to the buckling analysis of

thin plates when resting on an elastic foundation, and even to the

vibration analysis of multiAannular plates.
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Appendix A: Derivation of the Buckling Equation and Inr'plane Stiffness

Coefficients.

A.1 Derivation of the equilibrium equations:

The nonlinear kinematic relations in polar coordinates, are [22J

C U, 4 w
rr r 2r

V'e 1 2
Ce - + r - (w,0

Xrr rr

Xe ee Wr

ee 2 e
r

diecios reprtvl an

There eilibr ins e atons for misotro ic materil(e i.A1)ih

body forces are:

(rNr + N -N =0

,rr re,B ee

N + (rN + +N -0 (A.2)ee'e re ,r re

WOo



DV w = W rr + (N e W r) + (Nr + (NrW' r

r ( ) ,r (N r re'r )' e e ,r

Et 3

* where: D 2 3 flexural rigidity of the plate.
12(1-v 2 )

Nrr, , oe Ne - Stress resultants (for sign convention see Fig. A.1)

4C0

In-plane rlusultlnt She'ar forcls

Age

),go,

I Ir

Defo,.etion and Plate
Differen~t 1. Area6

(Fig. A. I Stress Resultant, Moments and Shear for-C., ard
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The Laplacian operator V2, operating twice on w, yields

V4W - Wrr + 2 + . + 2w + L (w, 2w rVw Wrrrr r -rrr 'r 2  'rr '80rr r 3  r r

+--4 (4w,, + w,,,,,) (A.3)
r

Next, the buckling equations are derived using the perturbation approach.

The stress resultants, and transverse displacement, in the buckled

state, are given by:

N -N 0  +N
rr rr rr

0
N Ne +N (A.4)

N N0  + N
r8 re r6

0

W =W + W

where: ( )o - primary state parameters

'- additional small parameters need to reach a buckled state.

Substitliion of the quantities of Eqs. (A.4) into Eqs. (A.2) and some

* 0 wO0

algebraic manipulations yield (note that, INj I < < I N ij I and w 0)

(rN + N N 0
,rr r ree se

Nelo + (r Nr ), + N 0 (A,5)re 8 r Nre

4* 1 0 0 * 0 0*o
D r r + (N w,e/r),e + (N + (N+O(N
r rr Wrr Be a ' reW')'r

-" 1.02



The expressions for the bending moments and transverse shear forces are

[19]:

91 1

M -D [w, + v ( + 1w )rr rr -2 wBe r 'r -r

M = -D [w, /r + 1 W, + VWrr
ee r ,r

M 1 (1 # v) D [- -r 2 W,]
r6 r r

V 1 [(M r), + M] - D (V 2w),r (A.6)rz r rr r r6,6 e6 r

V _[M, + M r + 2Me =-D (V2w),
6z r r86 ,r rO r e

and the edge effective shear forces are:

*Q -V + IMr rz r ro,6

Q -V + M
8 Oz rO,r

A.2: Primary state analysis

The stresses and the deformations at the adjacent joints of the

annilar parts, are calculated by using the stiffness approach. The

formulae for stresses are taken from Ref. [20].

A.2.1 Stiffness Coefficient [s j]

The stiffness coefficients are determined separately for the circular

and annular parts.

-t03 -k



A.2.1.1 Circular plate stiffness

E

and the stresses and deformation are:

N s = N°

rr ii i Be U

u(r) r u.S -c ~ E
r

A.2.1.2 Annular plate stiffness [see [20])

(a) Deformation, ul, at inner radius
'PI t... i

E i( i+ )
sii ri i-_

•~- .. /7

2Ei

1i-1- 2- i

(b) Deformation, uj- I at outer radius (see [20])

S 1 - i
a Ei0i[l+v ) + 2 U

2E B t

s 2, 2

,"... s~1-11-1 "- -1Z3--sii.1- --j];
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The relation between the off'-diagonal terms is:

and the stressses and deformation in the plate are:

(r ; ~r Sr~

E 2

N r) 2 CO1 + v )(;..u + a u 1 1  + (-

ee r (82) 2- 1( + v1 (1 1 -1 1 - 01

2 2r r

Nu(r) [( 8 (1 )(- + .-. 'I r ~2i~

id-iI i 22

r r r1 8 1



Appendix B: Various Solutions of the Buckling Equation

B.1 Solution of the buckling equation*

The buckling equation, after using separation of variables reads:

r4FV g 2r3F11' r2(1 22 2 I2 2 2 FII 2 2 2 F

r + F I r ( + 2n + r 2a) F + r(1+2n 2+ Bciai + r 2a) F

-F [n2( -n2 + 2ciai + r 2  ) = 0 (B.1)i i

N N
2 0i 0ci

where ai =-i and ci 0
Dii

We first assume a power series type of solution

Fi(r) = A jr +s  (B.2)
J,,0

Substitution of this sol tion into Eq. (B.1) (after some algebric

manipulations) yields

I A rJ+S{(j + s 1)4. (2 + 2n 2 + Bcia) (j + s 1)2 +
j-0

+ [(ni 2 + 2 (Irn2 + j+s+2 2 2 (B3)
lr [ i n ]  0B

.j =

*For simplicity the subscripts, ni or I or k are omitted, throughout this
appendix.
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The indicial equation reads (j-0):

(2 n)2

(st-1) 4, (2 + 2n
2 + 82) (s12 +(n.1) 2+ 2 2 = (B.4)

and the roots of the quartic equation are:

2 2 4

2  [(1+n 2  2ciai )].4n2 2 2 +
8ci'li(-1 [ + 4n + 2n Bci +i

1 ,I21,+ 2 4

S2 I 2 4
(sk,)3,42 [(I+n 2 + )ci 4 2 + 2n2 Bcia2 + Y  6 V (B.5)

( =2 4

thus

S1,2 - 1 ± fY + 6

(B.6)

0 3, 4  - 1± Fy; 672

where Y is equal to the terms appearing in first brackets and 6 equals to

the terms appearing under the square root sign in Eq. (B.5). The

recurrence formulae is:

2 2 2 2 n 2
a [(j+s'-2) '- n I a (J~s-2)2 2-n

Aj [ps .) A j 2 2 V 2 2[j +_1)2 y]2 , 6 [(J+s-1) 2 1 (y+6 Z)] [J+s+1) 2  (Ye6 2
]

where Y and 61/2 are the expressions appearing in Eq. (B.5).

The solution, in general, is of the form

F- Aj r (B.8)
J-0 (k = 1 t/O 4)

(J - 0,2, ... even)
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B.2 Solutions of the Differential Equation

B. 82. 1: ,,

The Solutions for a positive Br. are derived next.

8.2..1. n=()

For this case the roots are: 0

where r. f4

The recurrence formula is:

* The general solution is

The oluionfor the various roots are:

The slutlA

tA z~('

.. . .. . . . . . . . . . . . . . . . . . . .
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I-S

B. 2. 1.2: r1=l

The roots in this case become:'. ,= \ .'.e. " a

~~~~~~ 'A ~ - _ _ _ __ _ _

wh er e:

Th reurec formul is:)

19

• , o ., ,., - , ., , ,... ,. . .. ,.. .. .... . .,...........,.-... - ,... -.,Q,-,. .....'.:.- .. ',.:. ,..,
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* - 7........ . .

and the various coefficients are:

Z.s

The general solution reads as follows

.... p2."

The solution for the various roots are:

-:v ' ' -

Since s =s3 the following solution is assumed (see 1233):

- (r) (+

Substitution of the solution in the D.E. (see eq. B.) yields:

IrI_ 1(.-.- - e:, (yr
'110
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where D.E(FV,)= Eq. (B,1 with F=Fy. Thus the result is:

• -r

Equating the coefficients of the various powers of r to zero yields:

r

," - --___J ___,}- i _

hence the fourth solution is:

S B.2. 1.3: n:::.=2

When n:-2 the roots are:

IA 1.

S *l * -* -



p.

where:

The recurrence formula is:

Note that the detailed solution is described in article 8.2.1.4.

B.3.1.4: A qeneral solution for a case with complex roots

The complex roots are described by:

and the recurrence formula in general is:

where:

b '(4N (UC~ ~+~

..."v , ." ,.- -""... -', "" ."." . , .,, .. -'-. ... -" .'-" .,'."," , -',.''-" .-."Y ..'" , -. ." .'' " " "'. ,, ," ..' "''A. '' -



After some algebraic manipulations we obtain:

*~' (I4z~ (-"i IL

where:

The nominator is:

where:

The general recurrence formula, using complex notation, becomes:

where:

i - ,-,,e - . *,.,,-

I~4

i

11
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For s&=s._,,it can be easily shown that the recurrence equation is:

Hence the general solution is:

4- 931Z(L ~ r.

'IL r

If F,=F+F and FF-F with A=,.=1/2 then, after some algebraic

manipulations we get

tL,.c- 'r- zi~i~)-'

where:
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B.2.2: B, =C)

0 The variols Solutions for F(,==o are determined next.

B 2.2.1 =O

The roots are: S - a)

* 0.

wthl 0  The recurrence formula is (for sQ

Hence the general solution is:

where J ( ,r) and Y ( 1 r) are Bessel functions of the first and

second kind, respectively of zero order.

8.2.2.2: n=0

The roots are: _4 VN

z--

4Its

,_• I • II . L-- " "- ..



and r Idy\~F 4-'
It can be shown, very easily, that the various solutions are:

where J,(Vir) and Y,(Olr) are Bessel functions of the first and
second kind respectively of order n.

," °p

-o3
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B. 2. 3. B

The solutions for n=O and n=l are determined in the next chapters.

B.2.3.1: n=O)

The roots are:

where : &'Ji/

For abs(FX,.±)i,=jl the roots are:

Cd

The first two solutions appear in art. B.3.1.1. The last two are
derived next.
The recurrence formula is:

Hence for s-.=1 we have;

( V."

The third solution then is:

The fourth solution is assumed to have the following form:

Li (r)

"" ': - " " " '" '- " "" " " '' " f ' ' " "" " " - '' ''' ' " - " " i . . .. 1 1" ,



Substitution of the solution into the D.E Eq. (B.1), yields:

where:

Equating the coefficients of the various powers of r to zero
'. yields:

a+

we choose :

4-z ~ 2)- +, k)-___

where DA1 equals the terms in the large brackets of Eq. (S.44).
The recurrence formula for b, is:

.. ... Eft



B.2.3.2: n=1

The roots are: ~:~(1.'

1-~1 (As0)

where ~.~.t -~\~/' f~~%X%

The third and fourth solutions are the same as those derived in art
8.2. 1.2.
The first two roots depends on 0,. If abs(f3.,±) ,-4 then those two
roots are real and the solutions are the same as those derived for

C positive 5,,, , (see art. 9.2.1.2).
For abs(B.,+) =4 the first two roots are equal to 1, namely all four
roots are equal.The four solutions are:

00

F"0 " +I,(+ +

The various coefficients b,, c,, d,, are determined by the same
procedure appearing in the previous article.
For abs(!X,)(ji:.4, the first two roots are complex and equal to:

m2+= \- p

The general solution for this type of roots appears in art.
B.2.1.4.

B.2.2.3: n>2

The roots are: = 1  "'"--..

-mi l. ...



I .'

For, .bs(B,,.., (see., <o Table 1), ::., 1:) is a ,-eal numbe," and , is'"
. ~complex. Hence the roots are:•-

Sk

where:

The solutions for these type of roots are given in art. .
That solution also covers the range (< abs(B,:,) <2
If absr, )a> then <'2is negative meaning the roots are:

• 7
where:

and st=s-, and s.=s, (The ( )" means complex conjugate number).

The general solution +or this type of roots appears in art. B.2.1.4

°j

t..
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In this case the uniform part of the stress field is zero and the
differential equation (Eq. B.1), becomes an Euler type. The solution
for this type of equation is given by functions then by power

* series.
The indicial equation is the same as for the power series solution,
Eq. (B.4). The various roots are described in Table 1. The solutions
for the various types of roots is derived next.
The roots in general are:

where: 
Z/

_The D.E. is equal to:

* ~ ~ ~ Z r(~" 6 )L

and the roots are: -t

( The general solution is:

rhe roots are: a.

2-~



rT

Hence the solution is:

In terms of trigonometric functions, the solution becomes

B.2.4.3.- n>O, 0,,::.,0

The roots in general are:

wheret

The roots s, and s4 are real if:

>I,

Expressing this in terms of n and O=, yields: -

Thus, for - the solution is:

and for we get.

*When we get.

-1 22.
..ro.. " "" ,- ""



8.2.4.4: n>O, I'. 0"i

In this case the roots are:

and f and( are the same as in article B.2.4.3, but with a negative
F-t. The roots can be real or complex quantities. The roots sL and
s-. are real if:

The roots s, and s. are real if:

>0

After some algebraic manipulatlon and substitution of n and I. we
get:

which is also correct for > "0

* The solution for \-v >\~\ is:

F= n

and for '.- ' L the solution becomes:

If l< the solution equals:

it '

................................................................. ........ ,-.....-,...-..,..,.-......-.---- ....-• - " " '" ' ' ; ',i " ~ l '
'l 'l " " " " i" " 'i" " ¢"" " '"'i '-""" "' 'h"%-2"3'-" , '



and for - the solution reads:

For -  we get:

o-z

1'
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Appendix C: The characteristic equation for a circular plate composed of

annulars parts

The characteristic equation is obtained by employing the boundary

conditions, and compatibility and equilibrium at the inner joints.

The conditions which must be satisfied at the inner joints are:

at r r I W W2

= (C.1)

ar 3r

M -M
rr 1  rr1 2

0

QQrr 1 1  rr1 2

where
SMr [ a 2 w  v aw 1 a2 w D

rr m 2 r 3 r362Q _L -- 2 + 1 A Drr r r Dr 2mr

(C.I .1)

(Qrr { a 2w+ 1 r a [a (lawFy )J

The condition at the boundaries can be any one of the following: (See [9]).

aw

(1) Clamped edge: w - 0 , a 0 (C.2)

(2) Simply supported edge: w - 0

2 2M 0 !aw+ 1 aw (C.3)
rr ar 2  r r r .2

12S"



(3) Free edge subjected to uniform compressive force po:

2  2
arae 2  (C.4)

a 2 1vo 5- (V w) + -- 1- [L (1 ~ L + !o
rr- ae @ Drr 3 D ar

(4I) Free to deflect but not to rotate:

TaW (C.5)

-0--(Vw)+- Lor Dwa
rr arr 30 ar ae D 3

A support, at an inner joints, is characterized by

r r:k w W-1 W kk 0~

aw aw
k k- k kar = (C.6)

M -M a awkk W1 Wk k
rr k ke- rr kk 3r 2  3

In order to derive the characteristic equation, we start with the

inner part, which can be either a hole or a continuous circular plate. The

case or a plate with a hole is described by boundary conditions at the

inner edge of the annular plate.li

126
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The case with an inner circular / e -

plate will be discussed next. The

deflection equation for the circular

(See Appendix B) for variousN-

nir values.

F(r) -C 1NJ (u) +C 2NYn(u) +C 3N 4N'.

(C.7)

where u a N r.

For F(r) to be finite at rQ 0 C -C 0
2N 3N

hence

n
F (r) - C8
N C1N n(uN) + CJ4Nu C

The solution of the outside annular plate is:

FlN1 N C1 NlF1 uNI-) +C *12(N 3N#1F 3(N1+

(~ ~ CJNFi(.) where uN.l - oN _lr (C.9)

If the boundary conditions at r - r N1h2 are:

w (r - rN2  w N
N-(N 1 &-2

3w rr =W, r(C.10)

N112 N- 2

at r ru W Lw - (C.11)
Wu1 N N"1 N.-. N-0



awN aN- 10 ~w

0 W.

' aWN ar r r N r LNlWr = 0
N I - N I Ni

N Ni-1

(C.12)

Mr + M ,DN (LNWN) + DN l (LINi = 0
rrN N-I rrN-1 Nil r = rNo I  r r

N Di D (Lw) =0
QN N z 1 QN I N I N NNJ N DN- 1( N 1WN I r N-I

where

M a2  a i a2 2 a2 vn2

L+_( +- +_2 -Nr 3r r 62 N a 2" N ar2  ae2 au2

Q a 2 -1 v -a a I L + 2 w + (C.12.I)
L v W + - - 2Lj

N arF r ar r ae2 N 3uau 2 u au u]

l-v a ( n 2) w
"I TU ua

hence after some algebraic manipulation yields:

LQ " 3 [ u + a2  
- 1 ( ) n2 + n + ,3 (C.12.2)

N N 3u3 2 u 23



Appendix D: Manual for Buc.bas - buckling analysis of multi-annular plate

(IBM - P.C Version)

Insert in Drive A the Basic Compiler diskette.

Insert in Drive B the disk containing the Buc. exe. and the input file.

Input file

Line 1: Answer yes or no on the following questions:

1) Do you want intermediate printout?

2) Do yoj want normal mode printout?

3) Do yoi want a parametric study? (Two part only)

4) Is it buckling in tension CT) or compression (C)?

Ex: yes, yes, no, T.

Line 2: Input name of example

Case a: If answer on question (3) is yes, then:

Line 3: Input lowest and highest buckling modes. (Ex. 0,4)

Line 4: Input to questions: 1) Are there horizontal springs?

2) Are there vertical springs?

yes - 1 no - 2 Ex: 2, 2, (No springs)

Line 5: Input horizontal restraints, loading and springs (if answer for

question in line 4 is yes) h for each Joint on separate line.

Line 5 - joint 0

Line 6 - joint 1.

IZ



Line 6 + npr + npr: Input (for each joint on separate line)

horizontal restraints, loading and spring (if

the answer is yes to first question in line 5)

Line 6 + npr x 3 Input (for joint on separate line) vertical b.c.'s

and spring (if the answer is yes to second question in

line 5).

Example (Parametric study- case a)

irn-olane b.c. -----

Fc-rces: -)

Vertical B.C -..-..

(. 1 1 0

1. no, no, yes, c (no printout, no printout of normal mode, parametric

study (two part, compression force.

2. Example #1 (name or example)

3. 2,2 (No springs in horizontal and vertical directions)

4. 0,3 (lower mode 0, higher -3)

5. 0,1 (free to slide, pe I - joint 0
0

6. 2,0 (Continlo.is in horizontal direction, pe= 0) - joint 1

7. 0 B.C. - simply-supported - joint 0

- joint 1
8. 10 continuous

9. 1.5 0.3333, 1, 7 (outer radius - 1.5

Poisson ratio 1 1/3

lowest E2/E1 related to I and highest modulus

ratios - 7)

t i 30
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10. 1,9,1.1 (lowest r1/ro - 1, highest r1/ro - 9 and the factor

multiplying per (E2/E,, r,/ro-1) - 1.1)

11. 10.1,0.5,1,2,10,100 (modulus ratios related to 1 to 7)

Explanation:

Line 7: Input vertical boundary conditions and spring if the answer to

* second question in Line 4 is yes.

Line 7 - joint 0

Line 8 - joint I

( Line 9: Input 1) Outer radius

2) Poison ratio (constant for all parts)

3) Lowest and highest integer (maximum 7) related to E,/E.

* Ex: 1.8 , 0.3333, 2, 7

Line 10: Input 1) Lowest and highest integers minimum/maximum 9

related to E1/Eo .

* 2) A factor which multiplies the Pcr round for a lower

rlIro.

Line 11: Input modulus ratios, E2/E, (No. of values must be equal to

(highest-lowest) integer appearing in line 9.

Case b: If answer to question (3) on line 1 is no,

Line 3: Input 1) No. of part (No. of annular + circular parts)

(maximum - 5)

2) No. of maximum terms in series (smaller or equal than

80.

'3'
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V

Line 4: Input lowest and highest buckling modes.

Line 5: Input to questions: 1) Are there horizontal springs?

2) Are there vertical springs?

yes, =1, no = 2, Ex.: 2,2

Line 6: Input (for each joint on a separate line):

1) E- modulus of Elasticity

2) Po- Poisson ratio x npr

3) T - Thickness

Line 6 + npr: Input (for each joint on a separate line): radius of joint

Example (3 part plate)

in-olare b.c.

Forces: ->

Vertical B.C ----------
.( 0 1 C 2 1 O

-1 2 3 3 2

1) no, yes, no, c (no printout, print normal modes,

no parametric study, compression)

2) Example #2

3) 3, 50 (no of part-3, no of terms in each series = 50

4) 0,5 (lowest mode - 0, highest mode - 5)

5) 2,2 (no-spring in horizontal and vertical direction)

6) 1,0.333, 1 (E(1), Pc(1), T(C)) - plate 1

7) 1,0.1666,1 (E(2), Pc(2), T(2)) - plate 2

8) 1/2, 0.0, 1 (E(3), Po(3),T(3)) - plate 3

9) 3 (r(O))

10) 1.5 (r(1))

13Z!
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11) 1.0 (()

12) 0,1 (sliding, pe 1.0

13) 2,0 (continuous In horizontal dir., p -0
e1

14i) 2,0 (continuous in horizontal dir., p e 0

15) 0 (simply supported)

16) 10 (continuous)

17) 10 (continuous)



Appendix E: Computer Program -Buc.bas

10 REM Buckling analysis of circular plate composed of
annular and circular part with different mechanical and
geometrical properties.

20 REM Primary analysis is performed using stiffness
equations starting at line 1000 and ends at 1380

30 INPUT "name of INPUT file ( name should include disk drive
letter)"; INPU$

40 OPEN INPUS FOR INPUT AS #3
50 OPEN "lptl:" AS #1
60 REM OPEN OUTP$ FOR OUTPUT AS #1
70 DEFDBL A -H:DEFDBL P-Z
80 SS1S="##.##":SS2S="###.###":SS3$="####.###": IPRI$="no"
90 DEFINT 1-0
100 REM Questions: 1. Do you want intermediate printout--yes

or no,yepr$
2. Do you want normal mode printout--yes

or noyenor$
3. Do you want parametric study (Tow

parts)-yes or no,yepar$
110 REM "Is it buckling in "tension"(T) or "compression"(C)"
120 INPUT #3,YEPR$,YENOR$,YEPAR$,YETY$
130 INPUT #3,NAMEC$:REM INPUT "name of example";NAMEC$
140 IF YEPAR$="yes" THEN NPR=2:NPL=NPR:NNS-80GOTO 160
150 INPUT #3,NPRNNS:NPL=NPR:REM input "no. of elements in

the power series solution. No. of plates including
holes": NNS , npr

160 INPUT #3,N'OO,NCMAX:REM INPUT "The lowest and highest
buckling mode (in circumferntial direction";nOO,NCMAX

170 INPUT #3,IYESH,IYESV:REM INPUT "are there any spring
support in horizontal and vertical directions.
Yesh=lyesv=lnoh=2,nov=2"; IYESHIYESV

180 OPTION BASE 0
190 REM Dim declaration for the primary sub.
200 DIM E(5),PO(5),T(5),BETA(4),D(5): REM starting from I
210 NPLI=NPL-1:NBC=2+4*NPLINBC2=NBC*NBCDIM R(4),IRES(4),

PE(4),B(18),SA(4,4),S(4,4),SSL(4),SSR(4),U(4),AA (324)
,L(324),M(324): REM -starting from 0 ,except b and a

220 IF IYESH=1 THEN DIM UK(4)
230 DIM SOF(5),SOCF(5),SRR(5,10),SOO(5,10),UU(5,10),RR(5,10)I

REM starting from 1
240 REM Dim declaration in lines 75-90 are for the bauckling

analysis
250 DIM IBCW(4),IBCWG$(4),WR(4,4),DWR(4,4),BMR(4,4),SHR(4,4)
260 DIM WL(4,4),DWL(4,4),BML(4,4),SHL(4,4)

BBMAT(1e,18),SBM(17,17),J00 (4)
BMAt-starts from 1,1 to 4*npli+2,4*npli+2

270 DIM PCRR(7,9),SOFD(5),SOCFD(5),SRRR(4),SRRL(4),
HJ(4),JH(4),IND(4) ,DA(80),D2A(e0),D3A(eo),AAA(80),
E22(7)
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280 DIM GAMMA(5),ALAMDA(5),WW(5,10),IDWW(5,10),BMW(5,10),
* SHW(5,10),SR( 5,4),SI(5,4),F(5,4),DF(5,4),D2F(5,4),

D3F(5,4),D4F(5,4),A(5,4,80)),SU(2) ,DSU(2),D2SU(2),D3SU(2)
,D4SU(2),G(2),DG(2),D26(2),D3G(2), D46(2),H(4),DH(4)
,D2H(4) ,D3H(4)1D4H(4)

290 IF IYESV=1 THEN DIM WK(4)
300 IF YEPAR$-"yes" THEN GOTO 370

*310 REM INPUT OF DATA
320 REM MECHNICAL AND GEOMETRICAL PROPPERTIES
330 FOR J=1 TO NPL:INPUT #3,E(J),PO(J),T(J):E(J)=E(J)*i2*(l-

PO(J)*PO(J))
340 D(J)=E(J)*T(J)'3/12/(l-PO(J)*PO(Jfl:NEXT J
350 FOR I-0 TO NPL-1: INPUT #3,R(I)iNEXT I

*360 FOR I=1 TO NPL-1:BETA(I)=R(I-i)/R(I):NEX'T I
370 REM restraints and external forces
380 FOR I=0 TO NPL-1:INPUT #3, IRES(I),PE(I):IF IYESH=1 THEN

INPUT #3, UK(I)
390 NEXT I
400 REM input of b.c. for vertical displacement

C410 FOR I=(: TO NPLI:INPUT #3,IBCW(I):IF IYESV=1 THEN INPUT
*3,WK( I)

420 IF IECW(I)=0: THEN IBCWG$(I)=" -" ELSE IF IE'CW(I)=1 THEN
IBCWG$(I)=" 1" ELSE IF IBCW(I)=2 THEN IBCWG$(I)="1:" ELSE
IF IECW(I)-3 THEN IBCWG$(I)="K"" ELSE IF IBCW(I)=4 THEN
IBCWGS(I)=" 1

*430 IF IBCW(I)=10 THEN IBCWG$(I)=" "ELSE IF IBCW(I)=11 THEN
IBC-WG$(I)-" ^11 ELSE IF IBCW(I)-12 THEN IBCWG$(I)-l lt
ELSE IF IBCW(I)=13 THEN IECWG$(I)="K " ELSE IF IBCW(I)=14
THEN IBCWG$(I)="$I"

440 NEXT IsREM IECW(I)=0 to 4 means edge b.c. IBCW(I)=10 to
13 means b.c. at inn -er joints

* 450 IF YEPARSin"no" THEN GOTO 530
460 REM "Data for a parametric study"
470 REM "TWO PLATE type ---- ~i~-
4830 REM "Parameters: I)po(poisson ratio)-.3333,.3,.25,. 1666,0-

1 (), 1 Coc:
C ~~3) r(0)-i. 0001, r(1) /r (0) =0. 1 to

.9,dec=. 1
490 T ()1)i! :T (2) =1 E (1)-i
500 INPUT #3,R(0)),POO,IE210:,IE21F:.PO(1)=POO:PO(2)=POO
510 INPUT #3,IR10S,IR10F,PFACTO
520 FOR I=IE210) TO IE21F: INPUT #39E22(I):NEXT I
530 FOR NC=Noo ro NCMAX: IF YEPAR$="no" THEN GOTO 640
540 E(2)=1.1:IYEINTE=13GOSUB 6350:E(2)0O
550 PRINT "---nc=";NCz INPUT "pO--for nc";PCRO
560 FOR 1E21-IE42110. TO IE2FE2=E-2(IE21)
570 PR INT "pf act0=";PFACTO, INPUT "pf actc0-new ; PFACTo
580 CCD-12. ( -POO*Poo) :D(1) -E (1)*CCD*T (1)*T (1)*T (1) /12/ (1-

( PO(1)*PO(1)) :D(2)-E(2)*CCD*T(2)*T(2)*T(2),12/(1-
P ( 2) *PO (2))

590) PRINT #1,iPRINT #1,iPRINT #1,iPRINT
#1,TAE4(10) ;"r1/r0:";TAB(25);"e2/el="i iPRINT #1 ,USING
SS3$1E(2)iPRINT #1,



600 PRINT se(2)=u;E(2),1 pcr0=";PCRO
610 PRINT "e(2)=";E (2) ,"pcr0="..PCRO
620 FOR IR10)=IRIOS TO

630 PRINT "r (1) "R (1) , pcr0)"; PCRO
640 REM Main program which calculates the Pcr for each

nc(no. of circuferential waves)
65o GOSUB 2 150
660 IF YEPAR$=' yes" THEN GOTO 69C.
670 PRINT 'intial value of Pcr=F'0:*D/r(npli))'2 --- input p0 -

--+or NC="tNCa INPUT PC0.FCRC)=PC0*1/R(0)/R(0) :PRINT PCRQ
660 GOSU4 1980):PCRR (0,0) =PCR 1 : GOSUB 960: GOTO 1250
690 GOSUB 1980: PCRR ( E21 ,IRlO))=PCRI:GOSUB 960. GOTO 1230
700) FOR I=I TO NPLI:SOFD(I)=FCR*SOF(I)/D(I):IF

ABS(SOF(I))<=.00001 AND ABS(SOCF(I))>.00001 THEN
SOF(I)=0:GOTO 720

710 IF AE'S(SOCF(I))<=.00)01 AND ABS(SOCF(I)/SOF(I))<=.001
THEN SOCF(I)=0

720 SOCFD(I)=SOCF(I)*PCR/D(I)sSRRR(I-1)=SRR(I,0))*PCR;
SRRL(I)=PCR*SRR(I l10):IF SUCFD(I)=0: THEN PCRSI=0 ELSE
FCONST=NC*NC- 1

725 IF NC=O THEN FCONST2=0 ELSE IF NC=1 THEN FCONST2=-4 ELSE
FCONST2=-4*NC* (NC-SQR (FCONST))

730 IF SOCFD(I)=0: THEN PCRSI=O::PCRSI2=o:GOTO 770
740 PCRSI=FCONST*D (I) /SOCF( I) :PCRSI2-FCONST2*D(I) /SOCF( I):

PRINT "pcrsi,pcrsi2in";PCRSI,PCRSI2:.IF PCR=PCRSI THEN
SOCFD(I)=FCONST ELSE IF PCR=PCRS12 THEN SOCFD(I)=FCONST2

750 IF PCRSI<0 THEN PCRSIL=PCRSI*1.0)1:PCRSIR=.99*PCRSI
755 IF PCRS12<0 THEN PCRS12L-PCRS12*1 .01:PCRS12R=..99*PCRSI2
760) IF PCRSI>0) THEN PCRSIL=PCRSI*. 99:PCRSIR= . 01*PCRSI
765 IF PCRSI2:>0 THEN PCRS12L-PCRSI2*. 99: PCRS12R=1.01*PCRS12
770 NEXT I
760 IF E(NPL)=0 THEN GOTO 790 ELSE SOFD(NPL)=- SRR(NPL,0)

*PCR/D(NPL) :SOCFD(NPL)=0::SRRR(NPLI)=PCR*SRR(NPL,C))
790 FOR I=1 TO NPLI:RI=R(I-1):IF SOCF(I)0=: THEN GOSUB

162C0*GOTO 610
600 GOSUB 3350
810 IF I-1=() THEN INDE=o ELSE INDE=0 -

620 FOR K=1 TO 4:GOSU4 6130
6 30 WR ( I -I , K) =F ( I ,K..) : DWR ( I- 1 , K) = DW: StIR (I-1 , K) =E4M: SHR I -

1,K)=SH+SRRR(I-1)*DW:NEXT .:
640) RI=R(I):IF SOCF(I)=0". THEN GOSUB 162C0:GOTO 860
650 GOSUB 3760
660 IF I=NPLI AND E(NPL)=O THEN INDE=1 ELSE INDE=0
6370 FOR .:=l TO 4:GOSUB 6130
86') WL (I, ,) = F ( I , K) : DWL ( I , K) =DW: E4ML ( I ,) 0=BM:

SHL(I,K)=SH4-SRRL(I)*DW :NEXT V *:NEXT I
890 IF E(NPL)=0 OR T(NPL)=0) THEN GOTO 950
900) INPL-RIR(NPLI):GOSU4 1620.-FOR IKW=1 TO 2 -IF KKW=i THEN

K1I ELSE IF K.*.W=2 THEN .-=4
910 I F K , PRO4:- C) THEN K=K
920 GOSUB 6130
930 WR(I-1,VKF'W)-F(I,1) :DWR(I-1, : .W)DW.BMR(I-1,k.-W)=BM:SHR(I-

1,VFW)=SH +SRRR(I-1)*DW:NEXT KKW
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940 REM WR(I-1 ,2)=F( 1,3) :DWR(I-1,2)=DW3BMR(I-1,2)=BM:SHR(I-
* 1,2)=SH+SRRR(I-1)*DW

950 GOSU4 1280
960 N-NBCCsGOSUB 5640
970 RETURN
980 REM "calculation of the Ci for the varios functions
990 IF YEPAR$"yes" THEN SOTO 1000 ELSE IF YEPAR$="no" AND

* YENOR$="yes" THEN PRINT "nc=";NC;TA8(30);
FPr=;CRR (0,0) *R (C)) *R (C)) /1 "*dO/r (C) *2"

PCRR1=PCRR(C0,C))%GOTO 1(.:3C)
1000 BEEPiPRINT "1 nc=";NC:PRINT " e(2)="u:PRINT USING

SS2$;E(2):PRINT" r(l)/rC0";:PRINT USING
SS2$;IR10/10:PRINT " Pcr=".:PRINT USING

* SS3$;PCRR(IE21,IR1O))*R(0)*R(0)/l!;:-PRINT
*d)/r (C)) "2": PCRRlPCRR ( E21 ,IRIC))

1010 PRINT #1,TAB(9);:PRINT #1,USING SS2*;1R10/10;:PRINT
*1.,TAB(24);uPRINT #1,USING
SS3*i ;PCRR(IE1,IRI1Q.)*R()*R(0)/1

1020) IF YENOR="no" THEN RETURN
C1030 FOR I=1 TO NBCC-1:FOR J=1 TO NBCC-:SBM(I,J)=BMAT(I,J)t

NEXT J:Et(I)=-BMAT(I,NBCC):NEXT I
1040 1S0(:FOR I=1 TO NBCC-1:FOR J=1 TO NECC-:ISS615S+1:

AA(ISS)=SBM(J,I):NEXT J:NEXT I:N=NBCC-1:GOSU4 29101
B(NBCC)=1!iGOTO 1050)

1050 FOR 1=1 TO NBCC:-PRINT "b(";I;11)."1;(I)oNEXT I
*1060 FOR I=1 TO NPLI:.FOR JW=0 TO 1C0:RI=RR(I,JW):.IF I=1 AND

JW-0 THEN INDE=1 ELSE INDE-0
1070 IF I=NPLI AND JW=10 AND E(NPL)=0 THEN INDE=1 ELSE

INDE-0
1080 IF SOCF(I)=0 THEN GOSUB 1620 ELSE GOSUB 3350
1090 INJ=4* (I-1): SUMW-O: SUMDWO: SUMBM=0: SUMSH=O: FOR K=1 TO

* 4: INJK=INJ+KiGOSUB
6130:SUMW=SUMW4..EIN3K.)*F(I,K):SUMDW=SUMDW+B(INJK)*DF(I,K):SUM

BM=SU MBM+B(INJK)*BM:SUMSH=SUMSH+B(INJK)*SH:NEXT K
1100 WW(I,JW)=SUMW:DWW(I,JW)-SUMDWBMW(I,JW)=SUMBM:

SHW(I,JW)=SUMSH +SRR( I,3W)*F'CRR1*SUMDW:NEXT JWiNEXT I
1110 IF E(NPL)=0 THEN SOTO 1160
112C0 I=NPL:FOR JW=0 TO 5 :RI=RR(I,JW)iIF 3W=5 THEN RI-.00001
1130 IF SOCF(I)=0 THEN GOSUB 1620) ELSE GOSUB 3:350
1140 INJ-4*NPLI :SUMWO: SUMDW=: .SUMBM=O: SUMSHo: FOR K=1 TO 4

STEP 3: INJ=IN+1:GOSUB
6130: SUMW=SUMW+B ( NJ) *F (I, K') :SUMDW=SUMDW+B (INJ) *DF (I ,K) :SUMBM

=SUMB M+B (INJ) *BMuBUMSH=SUMSH+B( INJ) *SH:"NEXT K
*1150 WW(I,3W)=SUMW:DWW(I,JW)=SUMDW:BMW(I,JW)=SUMBMi

SHW(I,JW)=SUMSH +SRR( I,JW)*PCRR1*SUMDWiNEXT 3W
1160 WMAX=0::FOR I=1 TO NPLI:-FOR 3=1 TO 10: IF ABS(WW(I,J)):>=

ABS(WMAX) THEN WMAX=WW(I,J)
1170 NEXT J:NEXT I
1 12 0 IF E(NPL)=0: THEN GOTO 1210

(1190 I=NPL:FOR J=1 TO 5:IF ABS(WW(I,J)) ':-ABS(WMAX) THEN
WMAX=WW(I ,3)

1200 NEXT J
1210 GOSUB 703C0
1220 RETURN
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1230 PCRO-PFACTO*PCRR ( E21 ,IRlO)):NEXT IR10
1240 PCRO-PCRR(IE21,IRiO:S):NEXT IE21iGDSUB 6350
1250 NEXT NC
1260 CLOSE
1270 END
1280 REM Sub. which constructs the Suckling Matrix
1290 FOR I-0 TO NPLI:IF 1=0 THEN GOTO 1450
1300 IROW=2+(I-j)*4:ICOLM=(I-I)*4:1I1=ROW+1gI2=IROW+2g

I3=IR0W+'3t14=IROW +4:IF I=NPLI THEN KMAX-6 ELSE KMAX-e
1310 IF I=NPLI AND E(NF'L)=0.- THEN SOTO 1510
1320 IF IBCWUI)=l10 THEN SOTO 1330 ELSE IF IBCW(I)=11 THEN

GOTO 1360 ELSE IF IEBCW(I)=12 THEN S0T0 1390 ELSE IF
IBCW(I)=13 THEN SOTO 1420

1330 FOR K=1 TO KMAX:ICK=IC0LM+KsIF K:>4 THEN S0T0 1340 ELSE
BMAT(Il,ICK)=WL(I,K*):BMAT(I2,ICK)=DWL(I,K):
BMAT(13,ICK)='ML(I ,)BMAT(14,ICK)=SHL(I,K):GUTO 1350

1340 K4-K-4:BMAT(I1.,ICK.)=-WR(I,K4):BMAT(12,ICK)=-DWR(I,K4)3
BMAT(13,ICK) =-BMR(I,K4) :EMAT(I4,ICK)=-SHR(IK4)

1350 NEXT K:GOTO 1570.
1360 FOR K=1 TO KMAX:ICK=ICOLM+K:IF K.>4 THEN SOTO 1370 ELSE

BMAT (II, ICK) =WL (I, K):MAT(I2, ICK)- 0!
BMAT(13,ICK)=DWL(I,K) :BM AT(14 ,ICK)=BML(IqK)z
SOTO 1380

1370 K4K '-4:BMAT(Il,ICK:)0OtBMAT(I2,ICK)=WR(I,K4):
SMAT(I3, ICK)=-DWR(I ,K 4) :BMAT(I4, ICK)--BMR(I ,K4)

1380 NEXT KaGOTO 1570
1390 FOR K=1 TO KMAX:ICK=ICOLM+KsIF K>4 THEN GOTO 1400 ELSE

BMAT(I , ICK)-WL(I ,K) :BMT(I2, ICK)inO! 2

BMAT(I3,ICK)=DWL(I,K):BM AT(14 ,ICK)0'.eGOTO 1410
1400 K4-K-4:BMAT(I1,ICK)0'z:BMAT(I2,ICK)-WR(I,K4):

BMAT(I3,ICPK)-O!:B4MAT( 14,ICK)-DWR(I,I<4)
1410 NEXT K3GOTO 1570
1420 FOR K-i TO KMAX:ICK=ICOLM+K:IF K>4 THEN S0T0 1430 ELSE

EIMAT (Il, IC.) =WL (I ,K) : MAT (12, ICK) =DWL (I ,K):
EMAT(I3,ICP)=E4ML(I ,K):B4 MAT(14,ICK)=SHL(I,K)-
WK(I)*WL(I,VK:):GOTO 1440

1430 K4=K-4:BMAT(I1,1CK)=-WR(I,K4)iBMAT(I2,IC.)=-DWR(IK4)z
BMAT(13,ICK) =-BMR(I,K4) :BMAT(I4,ICK:)=-SHR(I,K4)

144o) NEXT K:GOTO 1570
1450 IF IBCW(0)=0. THEN SOTO 1460 ELSE IF IBcw(:)=1 THEN SOTO
1470 ELSE IF IBCW(0)=2 THEN SOTO 1480 ELSE IF IBCW(0)-3 THEN

6070 1490 ELSE IF IECW(0.)=4 THEN GOTO 1500
1460 FOR K=1 TO 4zBMAT(,K)=WR(0,K):BMAT(2,K)-BMR(0,K)iNEXT

KaGOTO 1570
1470 FOR P:1= TO 4:,BMAT(1,K)=WR(0,K)aBMAT(2,K)=DWR(0,K),NEXT

I':GOTO 1570
1460 FOR K-1 TO 4:EMATd,K=DWR(0,K)sBMAT(2,K)=SHR(0),K)zNEXT

K:GOTO 157o:
1490 FOR K=1 TO 4:BMAT(1,K:)=BMR(0,K),BMAT(2,K:)=SHR(0),K)-

WK(I)*WR(0,K):NEXT K:GOTO 1570
1500 FOR KiTO 4:BMAT(l,K'.)=BMR(0),K):EMAT(2,K)=SHR(0,K<):NEXT

K:GOTO 1570
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1510 IF IECW(I)-11 THEN GOTO 1520 ELSE IF IBCW(I)=12 THEN
* SOTO 1530 ELSE IF IBCW(I)=13 THEN SOTO 1550 ELSE IF

IBCW(I)=14 THEN SOTO 1540 ELSE IF IBCW(I)=10 THEN
SOTO 1560

1520 FOR K-1 TO 4eBMAT(I1,ICOLM+K)-WL(I,K)s
BMAT(12,ICOLM+K)-BML(IgK)iNEXT KoGOTO 1570

1530 FOR K-i TO 4tBMAT(I1,ICDLM+K)-WL(I,K):
*BMAT(12,ICOLM+K)-DWL(IgK):NEXT KiGOTO 1570

1540 FOR K=i TO 4sBMAT(I1,ICOLM+K)-DWL(IK)a
BMAT(12,ICOLM+K=SHL(I,K':NEXT KiGOTO 1570

1550 FOR K-1 TO 4sBMAT(I1,ICDLM+K)-BML(IK):
BMAT(12,ICOLMK)=SHLI,'-WK(I*WL(IIK ) :NEXT K:
SOTO 1570

* 1560 FOR K=1 TO 41BMAT(I1,ICOLM+K)-nBML(I,K):
BMAT(12,ICOLM+K)=SHL(IlK):NEXT KsGOTO 1570

1570 NEXT I
1580 IF E(NPL)=0 THEN NECC=4*NPLI ELSE NBCC=2+4*NPLI
1590 ISS-O:FOR I-1i TO NBCC:FOR J-1 TO NBCC:ISS=ISS-1:

AA(ISS)-BMAT(J,I):NEXT JsNEXT I
1600 IF YEPR$-'no' THEN SOTO 1610 ELSE FOR I=1 TO NBCC:FOR

J=1 TO NBCC:PRINT "bmat(";Irn",";J')-'-EMAT'(I,J)
,;:NEXT J:PRINT:NEXT I

1610 RETURN
1620 REM SUB. "solves the D.E. for a uniform state of in-

plans stresses"- .rr=-sof (i)*pcrr(i)
*1630 KPROB0.iSR(I,1)-2+NCSR(I,2)=2-NC.SR(I,3)=-NCi

SR(I,4)-NC :51 (I,1)0 391 (I,2)-0sSI (I,3)in0tSI (I,4)=0
1640 PRINTITAB(10);" i ";TAB(30);" sr "uTAE4(45)rn" si

0"sPRINT
1650 FOR K-i TO 41PRINT;TAB4(12);I;TAB(30);SR(I,K)

;TAB(45);SI(I,K)iNEXT KtPRINT
*1660 K-iIJUPNNS*2:NNS2-2*NNS

1670 A(I,K,O)-l:FOR J-2 TO JUP STEP 21J2-J/2
1690 DENOM2=J+SR(I,K) :DENOM=DENOM2*DENOM2-NC*NC
1690 AU ,K,32)=-SOFD(I)*1/DENOM*A(I ,K,32-1)
1700 REM PRINT Ili="; I"~~:~ 1 .,aikj=AI ,2
1710 NEXT JtIF K=2 THEN RETURN
1720 KPP=Ke30=0,GOSUB
4730:F(IK)=SUMgDF(I,K)=DSUMiD2FUI,K)=D2SUM:D-F(I.K)=D3SUM:D4

F(IK )-D4SUM:GOSUB 6290: IF YEPR$-"yes" THEN PRINT
"F(IK) ,K "pF (IK) ,K

1730 K-2:IF NC>0 THEN SOTO 1770 ELSE EPSS-.00C00001:-
SR (I, 2)=SR (I,1) +. 0000001. JUP=NNS2sA(I,K, 0))=
GOSUB 1670

1740 KPP-::JO=0: JMAX=NNSa GOSU 4730
1750 FE1=SUMz DFEl=DSUMz D2FEI=D2SUM: D3FEl-D3SUMa D4FE1-D4SUM
1760 F(I ,2)=(FE1-F(I, 1)) /EPSS:DF(I ,2)=(DFE1-DF(I ,1)) /EPSS:

D2F(I,2)=(D2F E1-D2F(I,1) )/EPBSD3F(I,2)=(D3FEl-
D3F (111)) /EPSS: D4F (1,2)-(D4 FEI-D4F (I, 1)) /EPSS

( aeGOSUB 629011IF YEPR*="no" THEN SOTO 1910 ELSE
PRINT"f(il~k),k";F(IK),KsGOTO 1910

1770 K-n211F NC-i THEN C2-1!,Cl--C2*SOFD(I)/A(I,1,0))/4/(1+NC)
sA(I,K,1)m:1!*A(I,K,0)-0iGOTO 1620

1760 K-n21lF NC-2 THEN A(I,K:,0)=1!aAU,K,1)=0C~2=-SOFD(I)/4:
A(I,K,2)=1'aC1---C2*SOFD(I)/4/ (1+NC)iGOTO 1620
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1790 K-2aJUP=2*NC-4u609U9 1670
1600 3=2*NC-2,32=3/2,C2=A(1,K,32-1)*SOFD(I)*((NC-2)*(NC-2)-

NC*NC)/NC/(N C-1)/6:A(I,K,32)0(
1910 3=2*NC:323J/2:C=-C2*SOFD(I)/4/(4-NC)/A(I,1,0):

1620 FOR 3m2*NC+2 TO NNS2 STEP 2:JlcJ-NC*2:33231l/2:32=J/2
163') DAAl-A (1,1,332) * (3 +SR (1,1)-fl *(4* (31+SR (1,1)

)*(31+SR(I, 1)-2 )-4*NC *NC-SOCFD(I)*2)
1640 DAA2=2*SDFD(I)*(31+SR(I ,1)-2 )*A(I,1,332-1):

DA1-DAAI+DAA2
1650 ANOM=(3-NC)*(3-NC)-NC*NC:DENOMn(3+2-NC)*(3+2-NC)-

NC*NC:A(I,K,32)m-(C1*DA1/ANOM+A(I,K,32-1)*SOFD(I))
/DENOM: NEXT 3

1660 SMUL=1:FOR J-1 TO NCSMUL=SMUL*RINEXT 3
1970 F(I,3)=C1*F(I,1)4-C2*SMUL:

DF (1,3) =C1*DF (1,1)+C2*NC*SMUL/RI:
D2F(I ,3) C1*D2F (I, 1) sSMUL*NC* (NC-i) *C2/RI/RI

1660 D3F(I,3)=C1*D3F(I,1)4-C2*NC*(NC-1)*(NC-2)*SMUL/RI/RI/RI:
D4F(I,3)=D4 F(I,1)*C14+C2*NC*(NC-1)*CNC-2)*(NC-3)*
SMUL/RI/RI/RI/RI

190 K=2:JMAX=NNS: KPP=K:GOSU' 4730
1900 KC2:KKK=3: 1D51:GOSUB 5050
1910 IF RI=0 THEN GOTO 1930 ELSE IF NC=0 THEN GOTO 1920 ELSE

K=3:POW=-NC:GOSUD 195OsGOTO 1940
1920 IDS=13:SUM-O: D2SUM-O:DSUM=OuD3SUM=O: D4SUM-Oa

K=3:KKK=4:F(I,KKK)=1:DF (I,KKI)=0:D2F(IKKK)0O:
D3F(1,KKK)=0:D4F(I,KKK)=0:GOSUB 50Oa~GOTO 1940

1930 K=3:F(I ,I)OiDF(I,K)mOD2F(I,K)inO:D3F(I ,K)0O:
D4F(I,IC)-0:GOSUB 6290:IF VEPR$="no" THEN GOTO 1940 ELSE
PRINT"f (ik) ,k".jF(I ,K),K

1940 K=4:POW=NCuGOSUB 1950:RETURN
1950 F(I,K)=RVPOWDF,K)=PW*RN(POW-1):D2F(I,K)=POW*(POW-

1)*RV'(POW-2),D3F(IK)=POW*(POW-1)*(POW-2)*RVI(POW-3)
1960 D4F(I,K)=POW*(POW-1)*(POW-2)*(POW-3)*RI-,(POW-4)
1970 GOSUB 6290:IF YEPR$="no" THEN RETURN ELSE PRINT"f(i,k),k

';F(I,K),KuRETURN
1980 REM Sub. which calculates the Prr using Newton-Raphson

iterative algoritmun
1990 EPS=.C000012 IEND=30: IER=O:DPCR=.00001O: ISINGOt
2000 PCR=PCRO: GOSUB 700: DET0=DET: BEEP: PRINT'det ,pcr" ,DET,PCR
2010 IF ABS(DET)<=. 000001 THEN PCR1=PCR:RETURN
2020 FOR UIIT=1 TO IEND
2030 IF PCRO>=P'CRSIL AND PCRO<-PCRSIR THEN ISING=1+ISINGuGOTO
21605
2035 IF PCRO>=-PCRSI2L AND PCRO<=PCRSI2R THEN

ISING=1+ISING:GOTD 2235
2040 PCR=PCRO+DPCR: GOSUB 700: tDDETh (DET-DETO) /DPCRz IF DDETO0

THEN GOTO 2170 ELSE PCR1=PCRO.-DETO./DDET
2050 IF PCR1<0 THEN PCR1=PCRO/2
2060 PCR=PCR1ioGOSUB
700: DETI=DET: BEEP: PRINT"pcrl,detl",PCR1,DET1
2070 IF (ABS((PCR1)):>1 AND ABS((PCR1-PCRO)/PCR1)<=100)(*EPS)

AND ABS(DET1)<-EPS THEN RETURN
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2080 IF (ABS(PCR1)<:=l AND ABS(PCR1-PCRO)<=100*EPS) AND
* ABS(DETI)s=EPS THEN RETURN

2090 IF (ABS (PCR1) <=ABS (PCRSI) AND ABS (PCRo)' >=ABS (PCRSI)) OR
(ABS (PCRI)' >=ABS (PCRSI) AND ABS (PCRO) <=ABS (PCRSI)) THEN
ISING=ISING+1:GOTO 2180

2100 IF DET1*DETO<0 THEN PCR=(DET1*PCRO-DETCO*PCR1 )/I(DETI-
DETO):2GOSUB 700: PCRI=PCRu DETi=DET: IF ABS (DET)<-. 000001

* THEN RETURN
2110 IF (ABS(PcR1):>-=.95*ABs(PCR20)) AND

ABS(PCRI),:.1.05*ABS(PCR2))) AND AE'6(DET1) .>=. 01 THEN
PCR1=(PCR1+PCRO) /2aPCR-PCRI :GOSUB 700:DET1=DET:BEEP:
PRINT "Bi-section meth.-pcrl,detl ";PCR1,DET1

2120 PCR20-PCR): PCRO=PCRI :DETci)DETI
*2130 BEEP:BEEP:PRINT"pcr0)=";PCRO:,"detOin";DETO,"iiit="IIIIT:IF

ABS(PCRO)<=.05 THEN GOTO 2240
2140 IF (ABS(PCR1-PCRO)<-.01 AND ABS(DET1)<:=.01) AND

IIIT=IEND THEN RETURN
2150 NEXT IIIT
2160 PRINT "there is no convergance after ";IEND.:"

C loops":GDTO 2240
2170 PRINT "the derivative is equal to z ero >.Try

another intial Pcr":GDTD 2240
2180 PCRO=PCRSI: PCR=PCRO: GOSUB 700: DETO=DET: BEEP:

RRINT"detsi ,pcrsi ",DET,PCR
2190 IF ABS(DET)<=.000001 THEN PCR1=PCR: RETURN

*2200 IF ISING=1 THEN GOTO 2230
2210 IF ABS(PCRO)>=l THEN PCRCO=3*PCRSI ELSE IF PCRSI<o THEN

PCRO=-. 55+PCRO ELSE PCRO=. 55.-PCRO
2220 GOTO 2000
2230 BEEP:BEEPsBEEP:-PRINT "Pcr is in PCRSI=";PCRSI;"

neighborhood ---- «~ please enter your guess
* --- at least far from pcrsi---":INPUT PCRO:UOTO 1980"

2235 BEEP:BEEP:BEEP:PRINT "Pcr is in P'CRSI2=";PCRSI2;"
neighborhood ----0'<<< please enter your guess
--- at least far from pcrsi---":INPUT PCRO:GOTO 1980

2240 INPUT "<<<< input your intial guess for the case
>: >";PcR0:GOTO 1980

C 2250 REM primary analysis using stiffness equations
2260 REM stiffness matrix
2270 FOR 1=0 TO NPL-1
2280 IF I=NPL-1 GOTO 2320
2290 SSR(I)=E(I+1)*BETA(I+1)*(.PO(I+)+(-FO(Ii1))

/BETA (1+1) "2)/R (I+1)/ (BETA (I+1)-'2-1)/ (1-PD (I+1) '2)
2300 S(1+1, I)=E(I+1)*BETA(I+1)*2/R(I+1) /(BETA(I+1)-N2-1)/ (1-

PO(I+1)'*2) : SA(I+1 , )=S(I+ , I)
2310 IF 1=o THEN S(0,0:)-SSR(I).:GOTD 23,70
2320 SSL(I)=E(I)*(l+PD(I)+BErA(I)"-2'*(1-

2330 S(I1, I) =E(I)*2/R (I) /(BETA (I.-*'2-1) /(1-PD (I) "2) :SA (I-
C 1,I)=S(I-1,I)

2340) IF I=NPL-1 GOTO 2350 ELSE GOTO 2360
2350 SSR(NPL-1)=E(NPL)/R(NPL-i)/(1-PO(NPL))
2360 S(I,I)=-SSR(I)-SSL(I)
2370 SA(I,I)=S(I,I)iNEXT I
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2380 FOR I=0 TO NPL-1:B(I+1)-PE(I):NEXT I
2390 FOR J=O TO NPL-1
2400 IF IRES(J)=O OR IRES(J)=2 THEN GOTO 2430
2410 FOR I=() TO NPL-1aSA(I,J3=0:SA(J,I)=0:).NEXT I
2420 SA(3,3)=S(3,3) :B(3+1)nC
'2430 NEXT 3
2440 ISS-OuFOR 1=0 TO NPL-1:FOR J-n0 TO NPL-1rnISS=ISS+lz

* AA(ISS)=SA(3,I):NEXT 3sNEXT I
.2450 REM solution of the deformation
2460 N=NPL:GOSUB 2910
2470 FOR I-0 TO NPL-1:U(I)=B(I+I):NEXT I
2460 IF YEPR$-"yes" THEN GOSU' 3160
2490 REM calculation of stresses and deformation
2500: FOR I=1 TO NFL-i
2510 SOF(I)=E(I)*(1+PO(I) )*(U(I)-E(ETA(I)*U(I-1) )/R(I)

/(BETA(I)'2-1)/(1-PO(I)' 2)
2520 SOCF(I)=BET(I)*E(I)*(l-PO(I) )*(-BETA(I)*U(I)+U(I-

2153o DEC=(R(I-1)-R(I) )/10)
2540 FOR J=0) TO 10
21550 RR(I ,J)=R(I-1)-DEC*3
2560) SRR(I ,3)=-SOF(I)+SOCF(I)/RR(I,J)/RR(I ,J)
2570 SOO(I,3)=-SOF(1)-SOCF(I)/RR(I,3)/RR(I ,J)
2580 UU (I,3)=(U (I-i) *BETA(I) * (-R (I) "2/RR (1,3) "2) -ej(I * CR(I-

l)-"2/RR(I,J )-"2-1))*RR(I,J)/R(I)/(BETA(I)'2-1)
2590 IF I:>0 ANr 3=0 AND AES(SRR (1,0) -SRR (1-1 110))<=00000)01#

THEN SRR(I,0)=SRR(I-1,10)
2600 NEXT 3:NEXT I
2610 REM stresses and deformation in circular part
2620 IF E(NPL)=O THEN GOTO 2690
2630 FOR J=0 TO 5
2640 SRR(NPL1 3)= --(NPL)*U(NPL-1)/R(NPL-1)/(1-PO(NPL)):IF J=0

AND ASS (SRR (NPL,3) -SRR (NPLI, 10) )<=.0000001# THEN
SRR(NPL,0)=SRR(NPLI, 10)

2650 SOO(NPL,J)=SRR(NPL,J)
2660 RR(NPL,3)=R(N-1) -R(N-1)*J/5
2670 UU(NFL,J)=U(N-1) /R(I-1)*RR(NPL,J)
2680 NEXT J
2690 REM printout of stresses
21700 IF YEPR$='no" THEN RETURN
2710 IF E(NPL)=0) THEN NPLMAX=NPL-1 ELSE NPLMAX=NPL
2720 FOR I-1 TO NPLMAX
2730) PRINT.PRINT "Plate no. : ":I:PRINT:F'RINT:PRINT :IF

I=NPL GOTO 2760
274: SSP$='###.###":PRINT TAB(2C):'no(";I,'"=:PFRINT USING

SSP$;SOF(I):PRINT TAB(20..);"noc("uI;")=';.-PRINT1 USING
SSP$u SOCF (I)

2750 IF SOF(I)=0 THEN GOTO 276C:) ELSE PRIN'T TAB(20));
"betac(",-;")in" ;:PRINT USING SSP$;S0CF(I)/S0F(I)

2760) IF 1=NPL THEN 63=5 ELSE SJ=10..
'2770 FRINT:PRiLNT:PRINT TABU1C:));" rr '6:TAE4(25);'4 nrr

";TAB(45);" noo ";TAS(63);" LCL ":PRINT:PRINT
2780 FOR 3=') TO S3
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2790 SSP$="###.###":PRINT TAB(9);:PRINT USING SSP$iRR(I,J);:
* PRINT TAE4(25);:F'RINT USING SSP$;SRR(I,J);:PRINT

TAE4(45);:FRINT USING SSP$;SOO(I,3);:PRINT TAEI(62)u:PRINT
USING SSF'$;UU(I,J)

2800 NEXT 3:NEXT I
2810 FOR I=1 TO NPLMAX
2 820C PRINT #1,:PRINT #1, 9 Plate no. : ";I:PRINT

* *#1,:PRINT #1,:PRINT #1,:IF I=NPL GOTO 28501
2 8 30 SSP$in'*##. ###".PRINT #1, TAB(2:):;"no("; I;")=";:PRINT #1,

USING SSP$;SOF(I):PRINT #1, TgAB(2)r'noc(" ;I; 1)=11

;:PRINT #1, USING SSP$;SOCF(I)
2840) IF SOF(I)=C0 THEN GOTO 2650) ELSE PRINT #1,TA4(2C0);

"betac(";I;")=";:PRINT #1, USING SSP*$;SOCF( I)/SOF(I)
*28350 IF I=NPL THEN 63=5 ELSE SJ=10:

260) PRINT #1,:PRINT #1,:PRINT #1, TAB(10:)): rr ";TAB(25)2'"
nrr ";TAB(45);" noo ";TAB(63);-" uu ":PRINT #1,
:PRINT #1,

2870) FOR J=0) TO 63
2680 SSPS="###.*#":PRINT #1, TAE4(9)t:PRINT #1, USING

SSP$;RR(I,J);:PRINT #1, TAB(25);:PRINT #1, USING
SSP$; SRR (IJ);:PRINT #1, TAB(45);:PRINT #1, USING
SSP$;SOO(I,3);:PRINT #1, TAB(62);:PRINT #1, USING
SSPS UU (I, J)

289: NEXT J:NEXT I
2900 RETURN

*2910 REM sub. for solving simultaneous equations(SIMQ)
2920 TOL-O: KS=O: 3=-N
2930 FOR J=1 TO N:JY=J+1:JJ=JJ+N+I:BIGA=(0:IT=JJ-J
2940 FOR I=J TO N:IJ=IT+I:BA=ADS(BIGA)-ABS(AA(IJ))
2950 IF BA<0 THEN GOTO 2960 ELSE GOTO 2970
2960 BIGA=AA(IJ):IMAX=I

*2970 NEXT I
2980 BA=ABS (BIGA) -TOL. IF BA4*=C0 THEN GOTO 2990 ELSE GOTO 3000
2990) KS=1:RETURN
3000 !1J +N* (3-2) :IT=IMAX-J
30.)10 FOR VK:=J TO N:I1=I1+N:I2=I1+IT:SAFEAA(Il):

A( Ii) =AA( 2) :A(12) =SAFE
3020 A(Il)=AA(Il)/BIG3:NEXT K:
30301 SAEBIA)BIA)BJ.()SF/IAJ=-
3040 IF JN<>0 THEN GOTO 305(0 ELSE GOTO 3110
3050) IQS=N* (J-1)
30.60: FOR IX=JY ro N. IXJ=IQ2S+IX: 1T=-IX
30-.70 FOR JX=JY TO N:IXJX=N*(JX-1)+IX:JJX=IXJX+IT:

3080eC NEXT JX
3090 B(IX)=B(IX)-B(J)*AA(IXJ) :NEXT IX
3 1(o1 NEXT J

3110 NY=N-1:IT=N*N
3120 FOR 3=1 TO NY:IA=IT-J:IB=N-J:IC=N

(3130 FOR K=1 TO J3:B(IB)=B(I8)-AA(IA)*B(IC):IA=IA-N:IC=IC-
1:NEXT V'

3140 NEXT J
3150 RETURN: 'END OF SUBROUTINE
7160 REM printout of result
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317C IPRIS="yes":GOSUB 6'390
316SO PRINT: PRINT: PRINT" ::'~~{;data and results

> >''> >PR INT
3190 PRINT #1,:PRINT #1,:PRINT #1," data and

results 2.......-"PRINT #1,
3200 PRINT TAB(Sh;"plate no. ";TAB(163);" e ;TAB (31.C po

";TAB(45),;" th .;TAB4(62);" beta ".PRINT
J21C) PRINT #1, TAB(5);"plate no. ";TAB(183);" e "TAB (30)n

po ";TAB(45)," th ";TAEI(62);-" beta ":PRINT *1,
3.220 FOR 1=1 TO NPL:PRINT TAB4(9);I;TAB(16). :PRINT USING

"#*#.*##";E(I);:PRINT TAB(31);:PRINT USING
",##. ##" ; P0(I) ;sPRINT TAE(42)u:PRINT USING
*##*. ### "; T (I) ;

7-230 IF I =NPL THEN GOTO 3240 ELSE PRINT TAE4(60:);:PRINT USING
"###. ###" uBETA (I)

3240 PRINT #1 , TAEU9);I;TAB(16);:PRINT #1, USING
"###.###";E(I);.:PRINT #1, TAE(31);:PRINT #1, USING
",##. ##"; -PO(I) ;:F'RINT #1, TAB(42)1;;PRINT #1, USING
"###. ###".; T (I);

7250 IF I=NPL THEN GOTO 3260 ELSE PRINT #1, TAEI(60.);:PRINT
#1, USING -###.**#";BETA(I)

3260 NEXT I
3270 PRINTiPRINT TAB(5);-"joint no.";TAEI(18)' r "TAB (30) ;

res ;TAB(45);" pe ";TAB(62);" u ".-PRINT
3280 PRINT #1,:PRINT #1, TAB(5);"joint no.";-TAB(1B);-" r

";TAB(30k;" res ";TAB(45);" pe ";TAEI(62)t" u ":PRIvT
*1,

3290 FDR 1=0 TO NPL-1:PRINT TAB(9);I;TAB(16W.;PRINT USING
"###. *##" ; R(I); sPRINT TAB (31); IRES (I); TAB (42) ;: PRINT
USING "######"IPE(I);:PRINT TAB(60))::PRINT USING
"###. *##" ; U (I)

3300O PRINT #1, TAB(9);I;TAB(16);uPRINT #1, USING
"###. ###" ,R (I);: PRINT #1, TAB (3.1); IRES (I); ,TAB (42);:
PRINT #1, U SING "###.###";-PE(I);:PRINT #1,TAB(60);.
:PRINT #1, USING "##*.###";U(I)

310 NEXT I
3320 REM INPUT "1 1 to continUe";YCON
3:330 PRINTaPRIN'TaPRINT:PRINT
3.340 PRINT #1,:PRINT #1,:PRINT #1,:PRINT #1,:RETURN
3350 REM Soultion of Annular buckling Equation .The D.*E.

being solved is:
7,336 0 REM D.E.=ri'",4*(d44f)#2*ri-"3*(d3-f)-ri-'2*(i*2*nc'*"2+

betac(i)*(alfa(i)-"2)-r i-''2*alfa(i)-"2)*(d2f)-
ri*(1+2 *nc'"*2+betac(i)*alfa(i)-'2-ri,"2*alfa(i)-'2)*(
dlf)-(nc-,2*(4--nc-'24-betac-(i)*alfa(i)-"2

73370 VAR: RI=r(i-1) or rhi)
3:380 d i=d- i /dr-i

f-f(r), NC=no. of waves in circumferntaal
direction
alfa(i)=sqr(-sof(i)/d(i)) if sof(i) -:0 (tension)
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3390 ~al f a (i)=sqr (sof (i)/d (i if+ sof (i)>
* (compressi on)

d (i )=e (i )*t(i ) 3/12/ (1 -po (i)' 2)
betac(i)=socf(i)/sof(i) betac(i)(:) means
compressi on

34C) betacni<:O means tension
betac(i)*alfa(i)-',2=socf(i)/d(i)=sofcd(i)

* j.~41 C D.E.=ri 4df+*i3(~)r'*l2n"+of~)
ri 2*so-fd(i),- 2)*(d2f)+rj*(1+2*nc'2+socfd(i)-
ri 2' *sofd(i)*(dlf)-(nc"'2*(4-nc"2+socfd(i)+
r i "2*sof d(i )) *(d0f )=0

342')IF SOFD(I).-=f0 THEN ALFA(I)=SQR(SOFD(I))
7 43C) Assu~ming a power series solutions

;Ek=l to 4]
344) calculation of the roots. The indicial eq. is:

I.E.=(s-l)-'4-(2+2*nc-2+scd)*(s-),2+((nc-)"2+
soc-fd*(1-nc2))=C

3450 'The roots are Calculated in the follwing Subroutine
(3460) GgAMM(n=1+NC*NC+SOCFD(I) /2

P~LAI1D$(I) =4*NC*NC+2- *NC*I\C*SOCFD( I ) +30( FD (I) *SOCFD( I)
/4:REM aad~)2N 4SCDI/)2-*C*N21

:4 70 IF ALAMDA(I) ':0 THEN GOTO 348o ELSE IF ALAMD(I)=) THEN
GOTO 3590 ELSE GOTO 364)

* 3480 ' X< aL,*" IX'

SQR(ALAMDA(I))
3500 IF ABS(F'HI1-CINT(PHI1))<=1E-10 THEN PHII=CINT(PHIl)
3510 IF ABS(PH12-CINT(PHI2))<=1E-10 THEN PH12=CINT(PHI2)
3520 IF PHIl>) THEN PRE1=SOR(PHI1):PIMl=O
35:30 IF PHI 1=o THEN PRE1=0:)PlMl=o
7,3540 IF PHI 1:% 0 THEN PRE1=:':PIM1=SQR(-PHI1)
7550 IF FH 12:: C'THEN PRE2=SQR (PHI1'2) :P IM2=0
3560 IF PH12=0 THEN P RE2 =0: PI M C)
37570 1 F PH 1.'2 THEN FRE2=Q' :PI M2=SQP(-FH12)
1-580 GOTO 73670-
159C) lamda=0

' 3600 PHI1=GAMMA(I) :PHI2=GAMMA(I)
3610. IF PH11l 0f. THEN PRE1=SQR(PHI 1) :PIM1=0::

PRE2-=PRE1 :PIM2=PIM1
3611. 5 IF F'HI1=:.) THEN PRE1=('::PIM1=o):PRE2 =PR'E1:FPIM2=PIMI
31e2f:' IF PHI1<0 THEN FPRE1=C),!:FIMI=SQR(-

PHI 1) iPRE2_=PRE1 :PIM2=PIM1
:_630: GO0TO 3670
364C) 4~ lamda-'0
365C. PR1SR(AM()SRGMAI*AM()

:166C.) FRE21-PRE1 :PIM2_PIM1
3670, REM Derivation of the roots
768 C:) SR (I *1) =14-PRE : SI (I,1)=PIM1

7':6:0 SR (1, ')=1 -PRE1: SI (I 20D=PIM

3,71': SR(I,4)=1-PRE2:SIUI,4)=-PIM2



3720 IF (PRE2=-PRE1 AND PIM2=PIMI) AND PIM2<.-0 THEN
SR (I,1) =1+PREl. SI(I, 1)=PIMl: SR (I,2)=1+PREI: SI(I, 2)=
PIM1:SR(I,3)=l -'PRE2:SI (I,3)=PIM2:SR(I,4)1l+PRE2:
61(1,4)=-PIM2

3730 REM FOR 3=1 TO 4:BIGA=SR(I,J):FOR K=J TO 4
3740 REM IF BIGA<=SR(I,k: THEN GOTO 2343 ELSE

BIGA=SR(I,tK*) :SR(I,PK*)=SR(I,J) :SI (I,K)=SI (I,J)
3750 REM k::SR(I,J)=8IGAaNEXT J
3760 PRINT;TAE4(1Q);" i j TAB (30)" sr ".TAB(45);" si

1PRINT
3770 FOR K=1 TO 4: PRINT; TAB (12) ;1; TAB(30) ;SR (I,K);

TAB(45);SI(I,K):-NEXT K:PRINT
760 Calculation of the various solutions
3790 K=1:IF SR(I,1)<= C0 OR SR(I,1)':>0 AND SI(I,1)=0 THEN GOTO
3600 ELSE GOTO 3610
3800 GOSUE4 60:300Jo(1)=J0-:J0:2=JO/2:A(I,1,J302)=1tGOSUS

4650:GOTO, 3820
3810 A(I,1,0))=1!:A(I,2,)0 60!.GSUB 4260:-GOTO :3880
38R20 K=2- -f(i,2)--will be consider for ssr(i,2) only
3830 IF SR(I,2)<)'-SR(I,IY THEN GOTO 3840 ELSE GOTO 3860=
3640 GOSUE' 60oo:J00(2)=C):-IF Jo.(:) AND INDX.:;.0) THEN GOTO 3670

ELSE GOTO 3850.
3850 J30=J300((INDX) .:2=30(:/2;:A(I ,2,J0:2)=l:GOSU' 4650: :IF

ABS(F(I,2)-F(I,1)):.1E-10) THEN GOTO Z360 ELSE GOTO 3860
3860 J0:=JC0:(1)/2A(I,2,J0)=1,IDS=1iKKK=1:-GOSUE 5220-':GOT)

3880
3870 IF INDX1:. THEN GOTO 3850 ELSE

IDS=1: :KK=INDX.I J0=JOC) (KK -) : GOSUE' 4840: GOTO 3880
3880 K=3sIF ABS(SI(I,3fl:>0 THEN GOTO 4010
369': IF SR(I,3)=SR(I,1) AND SR(I,3)=SR(I,2) THEN GOTO 3990

ELSE IF SR(I,3)=SR(I,1) THEN KKPL=1 ELSE IF
SR(I,3)=SR(I,2) THEN Kk'.P=2 ELSE GOTO 3910

3900 GOTO 4000
3910 GOSUB 6000:J0(3)))=0 .IF 30:).0C AND INDX ) THEN GOTO 3950)

ELSE GOTO 392o
3.920 JO:)JOO( KKK*.)/2.': A (1,3,0-)1 :GOSUE' 4650: :IF ABS(F(I,3)-

F(I,1))<:=1E-10 THEN k::=1:GOTO 3980
3930 IF A8S(F(I,3)-F(I,2))<:=1E-10 THEN KK2a GOTO 3980
:3940) GOTO 4040
3950 IF IND(1))>0 THEN KKK=1:GOTO 3980)
3960 IF IND(2)>0-( THEN k=GCO3980
3970 IF IND(:3)>0: OR IND(4):::.0) THEN KKKV=3:GOTO 3920
.3980 JO=JOO0KK/2:A1,3,J0=:IDS=:GSU' 41340:GOT 4040
3990 KKK'=1:J30300C(1)/2:.A(I,3- ,C)1:'DS=2:GO3SUB 5220:GOTO 4040
400'):) JO=JC0 (KK,*<K) /2: A (I,3,30:) 1: IDS=1 :GOSUB 5220: GOTO 4040:
4010 IF SRI,3)=SR(I,1 AND SI(I,3)=SI(I,l) THEN GOTO 4030
4020 A(I,3,0:)=liA(I,4,t0)=0:GOSUBi 4260.:GOTO 4220:
4030 A(I,3,':)=IA(I,4,0.)=0:60SU4 4261:tGOTO 4220:
4040: K=4: 'f(i,4 will be considered only for s=sr(i,4) only
40)50 IF (SR1I,4)<:.SR(I,1)) AND (SR(I,4)<::.SR(I,2)) AND

(SR(I,4)<SR(I,3)) THEN GOTO 4110

4060: IF SR(I,4)=SR(I,l) AND SR(I,4)=SR(I,2) AND
SR(I,4)=SR(I,3) THEN GOTO 4180



4070 IF SR(I,4)=SR(I,l) THEN KKK=i ELSE IF SR(I,4)=SR(I,2)
THEN .KKK=2 ELSE IF SR(I,4)=SR(I,3) THEN KKK=3 ELSE SOTO
4090

4080 GOTO 420o
4090 IF (SR(I,4)=SR(I,1) AND SR(I,4)=SR(I,2)) THEN IKK=1

ELSE IF (SR(I,4)=SR(I,3) AND SR(I,4)=SR(I,1)) THEN KKK:=i
ELSE IF (SR(I,4)=SR(I,2) AND SR(I,4)=SR(I,3)) THEN KKI<=2
ELSE GOTO 4220:

4100) GOTO 4190
4110 GOSU' 6000:JOO(4)=J~uIF JO .0 AND INDX .0 THEN SOTO 4120

ELSE 4160
4120 FOR III=1 TO 3:iF IND(III)>O THEN KK.:=III:GOTO 415:
4130 N EXT III
4140 IF IND(4) 0 THEN KKK4:GOTO 4160
4150 ACI,4,0=1l!zIDS=1:GOSUB 4840:GOTO 4220
41601 J0=J00(4)/2:A(I,4,J0)=1Q:OSuE' 4650:FOR 111=1 TO 3:IF

ABS(F(I,4)-F(I,III))=1IE-l0 THEN KKK=III:GOTO 4210)
41701 NEXT III:GOTO 42201
4190 30=300(1) /2:A(I ,4,30)=1 : IDS=3:KKK=1:GDSUB 5220iGOTO

4190 JO=JC)0(KKK) /2:A(I ,4,30)1 !IDS=2GOSUB 522C):GOTO 4220.
4200 JO=JOO(KKK)/2iA(I ,4,JO)=l1 IDS=1aGOSUB 5220:8OTO 4220
4210: jO=JC'0(KKK) /2:A(I ,4,JO)=l1 IDS=1,GOSU' 5220:GOTO 4220'
4220 IF YEPR$="no" THEN RETURN~ ELSE PRINT;TAE'(5);"

";TAB(20) ; fi ";TAE8(35) ; dfi "gTAE'(50); d2 i

* 11;TAB(65);" d3fi ':PRINT
4230 FOR K=1 TO 4:PRINT;TAB(5);IsTAB(17);F(I,K);TAB(30);

DF(I,K) ;TAB(47);D2F(I ,K);T AE4(65);D3F(I,K) :NEXT
K: PRINT

4240 REM FOR K=1 TO &:PRINT #2,"i,k,F(I,K),D2F(I,<),
03F (I, K) , d4f (i , k)

0 ;I ,I,F (I ,K.),DF (I ,K) ,D2F (I ,K) ,D3F (I ,K) ,D4F (IK):
NEXT K:PRINT

4250 RETURN
4260 REM Solution with ssr+i*si (Reccurrence formula)
4270 NNS2=2*NNS:FOR J=2 TO NNS2 STEP 2:J2=J/2
4280: ANOMRI=J-2+SR(I,K):ANOMI1=SI'I,K)

f 42901 ANOMR=ANOMP1*ANOMR1-ANOMI 1*ANOMI 1-
NC*NC: ANON I=2*ANOMRI1*ANOM 11

4.300) IF (ANOMR=O AND ANOMI=O) OR SOFD(I)=0 THEN
A(I,K,J2=:A(I,K+1,J2)=OtGOTO 4380

4310 DENOMR2=J-1+SR(I,K):DENOMI2-SI(I,K)
432o TI Ri DENOMR2*DENOMR2-

DENOMI2*DENOMI2: TI I =2*DENOMR2*DENOMI2
4330 TIR2=TIR1*TIRl-TII I*TI I1:TI12=2*TI I *TIR1
4340 DENOMR=TIR2-2*GAMMA (I) *TIRI+ ( -NC*NC)* (1-

NC*NC+SOCFD(I) ):DENOMI=TI 12-2*GAMMA(I) *TIII:
DNOR=DENOMR*DENOMR+DENOM I*DENOM I

4330 ARR=-SOFD (I) *(DENOMR*ANOMR+DENOMI*ANOMI) /DNOR
4360 Al I=-SOFD (I) *(DENOMR*ANOMI-DENOMI*ANOMR) /DNOR
4370 A(I,K,J2)=ARR*A1I,K,32-1n-AII*A(I,K+1 ,J2-

1):A(I,K+1 J2)=AII*A(I,K, J2-1)+ARR*A(I,K+1,J2-1)
4.380 NEXT J
4390 K=K: 3MAX=NNS: KPP=K: 0=0: GOSU' 5370
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4400 SU (1)=SUM:DSU(1 )=DSUM: D2SU (1) D2SUM. D3SU( 1)=D3SUM:
D4SU(1)=D4S UM

4410 K;"=K+1 JMAX-NNS.: KPP=K<: 30=0: 66UB 5370
4420 SU(2)=SUM:DSU(2)=DSUM:D2SU(2)=D2SUM:ZSU(2)=D3SUM:

D4SU(2)=D4S UM
4430 K.:=K:-1:G(1)=COS(SI(I,K)*LOG(RI)),.

(3(2)=SIN (SI (I ,K) *LDG (RI))
4440 DG (1)=-SI ( ,K:) *6(2)/RI, DG (2) =61(I ,K) *G (1)/RI
445o D2G(1)=-SI(I,K-:)*DG(2)/RI+SI(I,K)*G(2)/RI/RI
446o D2G(2)=SI(I,K)*DG(1)/RI-SI(I,kc')*G(1)/RI/RI
447C0 D36(1)=-SI(I,k')*D2G3(2)/RI+2*SI(I,K:')*DG(2)/RI/RI-

2*SI(I,K)*G(2)/RI/ RI/RI
4480 D3G(2)=SI(I,K)*D2G(1)/RI-

2*61 (I,I)*DG()/RI/RI+2*SI(IK-:)*6(1)/RI/R I/RI
4490 D4G(1)=-SI(I,K)*D3G(2)/RI+.3.*SI(I,K)*D26(2)/RI/RI-

6*SI(I,K)*DG(2)/R I/RI/RI+6*SI(I,K,)*6(2)/RI/RI/RI/RI
450:0 D4G(2)=SI(I,K)*D3G(1)/RI-

6*SI(I,K)*G(1)/RI/RI/RI/RI
4510 HS=OsFOR IH=1 TO 2tFOR JJH1l TO 2:H-S=HS+I
4520) H(HS)=SU(IH)*6(JJH)
453C) DH(HS)=DSU(IH)*G(33H)-4SU(IH)*DG(JJH)
4540 D2H(HS)=D2SU(IH)*G33JH)+2*DSU(IH)*DG(JJH)+

SU (IH) *D26 (JJH)
455o D3H(HS)=D3SU(IH)*6(JJH).3*D2SU(IH)*DG(JJH)+

3*DSU(IH)*D26(JJH) 4-SU(I H)*D36(JJH)
4560 D4H(HS)=D4SU(IH)*G(JJH)+4*D36U(IH)*DG(JJH)+

6*D2SU(IH)*D26(JJH )+4*DSU(IH)*D33(JJH)+
SU(IH)*D4G(JJH)

4570 NEXT JJH:NEXT IH
4580 F(I,K+1)=H(1)-H(4) :F(IK)=H(2)+H(3)
4590 DF(I,K*+1)=DH(l)-DH(4) :DF(I, --:)=DH(2)+DH(3)
4600 D2F(I,K+1)=D2H(l)-D2H(4) :D02P1,K)=D2 H(2)+D2H(3)
4610 D:3F (I, K+1 )=D3H ( 1)-D3H (4) : D3F ( I , K)D3H (2) +D3H (3)
4620 D4F(I,K+1)=D4H(l)-D4H(4):D4F(I,K)=D4H(2)+D4H(3)

4630GOSB 690:K=K1 :GOSUB 6290): K1<-1: IF YEPR$-"no" THEN
RETURN ELSE PRINT'k, k+1,f (i ,k) ,f (i,k+1)
11;K,K+1,F(IqK),F(I,K+1)

4640 RETURN
4650 REM Reccurrence formula and solution for s=sr
4660 NNS2=2*NNS:FOR 3=2+30 TO NNS2 STEP 2:J2-J/2
4670 ANOMI=J+SR (I ,K) -2: ANOM=ANOMI*ANOMI-NC*NC: IF ANOM=0 OR

SDFD(I)=0 THEN A(I,i:K*,J2)=0:.GDTO 4710
4680 SS=3+SR (I ,K'):SSI=J+SR (I ,K) -1:SS2=J+SR (I ,K) -

2: SSZJ+SR( I,K) -Z:SNN=1+2*NC*NC+SOCFD( I) a
DENOM=SS*SSI1*SS2*S' '2*SS*SSI1 *SS2-SNN*SS*SS 1 +SNN*SS-
NC*NC*(4-NC*NC+SDCFD (I))

4690 IF (I,3-).:0THEN A(I,K,J2)=-
SOFD(I)*ANOM/DENOM*(I,K3,J-1) ELSE A(I,K,J2)=0:

4700 REM DENOM1=J+SR (I ,K:)-1: DENOM=(DENDM1*DENf'M1-
PHI1)*(DENOM1*DENOM1-PHI2) :IF A(I ,K, 32-1 )<>0: THEN
A(I ,KJ2)--SOFD(I)*aNOM/DENOM*A(I ,I,3*2-1) ELSE
A(I ,I<,2)-o

(48
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4710 NEXT J:REM PRINT ANOM,DENOM:PRINT
S11i=1, ";K"h'3'hJ,a(i k,j2)";A(I,K,2) :NEXT J

472o GOTO 4830: REM PRINT
#2,11a('u1";K:",' 6 ;3O")"A(I,K,J0)GOTO 4080

4730: JMAX-NNS: GOSUB 57370,RETURN
4740) NNS2-2*NNS: SUM-Om DSUM~o:D2SUM=0a D3SUM=): D4SUM=O: FOR 3=30

TO NNS2 STEP 2:32=3/2
*4750) SUM=SUM+A(I,K,2)*RIN,*(J+SR(I,KPP))

476C) DSUM=DSU+A(I,,2)*(J+SR(I,IPP))*RI(J+SR(I,K'PP)-1)
4770 D2 SUM=D2SUM+A(I,K1 J2)*(J+SRI, .PP))*(J+SR(I,K,*PF)-

1)*RI"(J+SR(I,K'PP )-2)
478o1 D3SUM=D3SUM+A(I,K,2)*(4SR(I,KPP))*(--SR(I.,KPP)-

1) * (+SR (I ,KPP) -2 ) *RI" (J-.SR (I ,KP') -3)
*4790) D4SUM=D4SUM+A(I,K,32)*(J+SR(I,W:'PP))*J+SR(Ik,PP)-

1)*(J+SR(I,KPP)-2 )*(J+SR(I,k.:PF)-3)*RI C'-J+SR(I,K"PP)-4)
4800 REM PRINT "k,,kpp,SUM,DSUM,D2SUM,D--SUM,J";',i::PP,SUM,

DSUM,D2SUM,D3SUM,D4S UM,3
481o NEXT 3
4620 RETURN

(48:30 KPP=K: GOSUB
4730:FI,k )=SUM:DF(I,K)=DSUMaD'FUI,K)=D2SUM:D3F(I,K.)=D3SUM:D4

F(I,K )=D4SUM:GDSUB 6290: IF YEPR$="no" THEN RETURN ELSE
PRINT "F(I,K<.),K ";-F(I,K),K:RETURN

4840 REM J~eccurrence formula and solution using
D-"ndsF/DS'nds. Ndsno. of differentiation

* 4850 NNS7=2*NNSa FOR 3-2+30 TO NNS2 STEP 2v32=3/2
4860 ANOMl-3+SR (I ,KKK) -2 ANDM=ANOM1*ANOM1-NC*NC: IF ANOM=O OR

SOFD (1)-0 THEN
AAA(32)=0:-DA(32)=0:D2A(32)=0:-D3A(J2)=0:GOTO 4930

4870 DNOM=2*NOM1 ,D2N0M=2: D3NOM=:)
4680) DENOM2=J+SR (I ,KK'K) -1:DENOM1=DENOM2-2-

* GAMMA(I):DENOM=1/(DENOM1,"2-AL AMDA(I))
489C0 DDENOM2*DENOM1*2*DENOM2: D2DENOM=4* (2*DENOM2 *'2+DENOMl)

:D3DENO M=4*( 4*DENOM2+2*DENOM2) :AAA(J2NM*DENOM
4900'): DA (32) =(DNOM*DENOM-NOM*DDENOM*DENOM'2) :IF IDS=1 THEN

GOTO 4930
49'.0 D2A (32) =(D2NOM*DENOM-2*DNOM*DDENOM*DENOM-2-

C ~NOM*D2DENOM*DENOM',2+2*N OM*DDENOM'2*DENOM'3::). IF IDS-2
THEN GOTO 4930

4920 D3A (32) =(D3NOM*DENOM-3*D29'NOM*DDENOM*DENOM2-
3*DNOM.*D2DENOM*DENOM"'*2
+6*DNOM*DDENOM"'2*DENOM-' 3 +6*NOM*D2DENOM*DDENOM*DENOM "-3-
NOM*D3D ENOM*DENOM'2-6*NOM*DDENOM"3*DENOM,'4)

(4930 NEXT 3.REM PRINT "ji,nom,nomlgdenom,da(j2),aaa(j2)
";J,NDM,NOM1,DENOM,DA(32),AAA(J2):NEXT J

4940 J02=J30+2:3022=32/2AI,K,30)22)=-SOFD(I)*DA(JO'2) :IF
IDS=2 THEN AI,VK,322)=-SOFD(I*D2A30O22) ELSE IF 1DS=3
THEN A(I,14',3022)=-D3A(Jo2'2')*SOFD(I)

4950. NNS2=2*NNS:-FOR 3=4+,]0 TO NNS2 STEP
2:323J/2a SUMD=0.: SUM2D=U: SUM3D=C: FOR LL=J0)+2 TO J STEP
2:LL2=LL/2: IF AAA(LL2)=0 AND DA(LL2)=0: AND D2A(LL2)=C0
AND D3A (LL2) =0 THEN GOTO 5030

4960) SUMD=SUMD+DA(LL2)/AAA(LL2):IF IDS=1 THEN GOTO 4990
4970 SUM2D-SUM2D+D2A(LL2)/DA(LL2):IF IDS=2 THEN GOTO 4990
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4980 SUM3ZD=SUM3D'D3A(LL2) /D2A(LL2)
4990 NEXT LL
5000 AI,k',32)=SUMD*A1I, KK,J2'):IF IDS=1 THEN GOTO 5030:'

5010 A(I,K,J2)=SUM2D*A(I,KV.KIJ2).-IF IDS-2 THEN GOTO 5030:'
ad2a/d2s

5020 A(I,K,J2)=SUMD* (I, KKKJ2) :A
=D2A/D2S

5030) NEXT J:REM PRINT
"da(.j2) ,aaa(j2) ,j";DA (J2),AAA(J2),J:-PRINT
fljSi it Is .;K, j=";J, "a (i 1 k,j2)-";A (I ,I',J2) :NEXT J

5040 302=30)/2: A U, K, Jo) -0.: PP=KK.Ks GOSUB 4730
5050 IF RI<=.o00001 THEN B0=0 ELSE 80-=LOG (RI) *I DS
5060 IF RI=<:.o0o01 OR IDS-1<0 OR LOG(RI)=0 THEN B1=0 ELSE

5070 IF RI=..C000001C OR IDS-2<C0 OR LOG(RI)=0: THEN B2=0 ELSE
B2=LO(RI) 2"*(IDS-2)

50830 IF RlI,.=. 0Q)c01 OR IDS-3-.0( OR LOG (RI) =0 THEN 93=0 ELSE
B3=LOG (R I(I DS-3)

509o) IF RI<=. 000001 OR IDS-4~.<.0 OR LOG (RI) =0 THEN D4=0 ELSE
B4=LOG(RI)'(IDS-4)

5100 F (I, K:)=F(I, K) *80+SUM
5110 DF(I,K)=DF(I,,K.)*'+DSUM+F(I,KKK-)*IDS*Bl/RI
5120 D2G=IDS*(IDS-)*92/RI/RI+IDS*B1*(-1/RI) /RI
51:30 D3G=IDS*(IDS-1)*(IDS-2)*83/RI/RI/Ri-3*IDs*( IDS-

1)*B2/RI/RI/RI+IDS* B1*2/RI',3
5140 D4G=IDS* (IDS-1) * (IDS-2) *( IDS-3,) *E4/RI"'4-6*IDS* (IDS-

1)*(IDS-2)*B3/R I-',4+11*IDS*(IDS-1)*B2/RV-14
IDS*E41*6/RI'^-4

5150: D2F(I,k<)=D2F(IL,KKK)*LOG(RI)"IDS+2*DF(I,KKK)
*IDS*B1/RI+F(,-.KK4 )*D2G +D2SUM

5160 D3F(I,K)=D3F(I,PKK*LOG(RI)IDS+3*D2F(I,KKK)
*IDS*91/RII3*DF (I ,K.KK) *D2G+F(I ,KKK) *D36+D3SUM

5170 D4F(I,K)=D4FI,KKf:.)*LOG(RID'IDS+

)*D264-4*DF (I , KK) *D3G+F (I , :KK") *D4G+D4SUM
5180 GOSUB 6290
5190 IF YEPR$="rio" THEN RETURN '
5200) PRINT "K,F(I,K.'),DF(I, K),D2F(I,K),D3F(I,K),

d~f(1 I~z ,KK,0,B ,8,83 E4,DG ,D2G,D3G~d4g",':

B,B,B,2,B3,B4,DG,D2,D3G,D4G:PRINT "------RI=";RI

52 10 RETURN
5220 REM Solution for equal roots
5230 NNS2=2*NNS:FOR 3=0) TO NNS2 STEP 2c32=3/2
52 40 DAA 1=A ( I , KKJ 2) *(J +SR( I ,KKK)

1)*(4*(J+SR(l,:'..'))*(JSR(I,KK)-2)-4*NC*NC-SOCFD(I)*2)
5250 IF J=0 THEN GOTO 526C0 ELSE DAA2=2*SOFD(I)*(J+SR(I,:KK)-

2) *A t I , J 2- I DA I DAA I DAA2
5260 ANOM1=J+SR (I , :)-2: I\0M-ANOM1*ANOM1-NC*NC A

5270 SS=J +SR (I , K) :SS 1 J-'SR (I ,K) - SS2J+SR (I ,K) -
2:5S3=34-5R lI ,)-3:SNN=l+2*NC*NC+SOCFD (I)i
DENOM=SS*SS 1*SS2*SS3+2*SS*SSI1*SS2-SNN*SS*SS 1 .SNN*SS-
NC*NC* (4-NC *NC+SOCFD (I))
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5260 I F J3.2 THEN GOTO 533C:)
5290 IF J=O AND DAA1=0 THEN GOTO 5340 ELSE IF J=0: AND DAA1(">0

THEN PRINT "TRY ADDITIONAL TERMS" :BEEP: BEEP:BEEEP:STOP
53(-(: IF J=2 AND (DENOM=0 AND ANOM=O) THEN PRINT "try

additional terms":BEEPsBEEP:BEEP#STOP
5310 IF J=2 AND DENOM=0 THEN A(I,K,0)=-

532 0 IF J=2 AND DENOM. 0.C THEN A(I,K..,0)=OsA(I,K,J2)=-
DAl /DENDM

5330 A(I ,K:,J2)--(DAI+A(I ,K,J2-1)*SOFD(I)*ANOM) /DENOM
5340 NEXT J
5350 KPPIK: GOSUB 4730
5360 GOSUB 5050: RETURN

* 5370 REM Sub. Evaluate a polynom at r=r-i using nested
procedure

5380 REM VAR: jmax.,,jO,a(i,k-.,j2) , :,kpp
5390 SUM=0: DSUM=C: D2SUM-: iD3SUM-O: D4SUM-O, 333MAX
5400 JJ2=JJ*2sAO)=A(I ,K,JJ) :SJS3JJ2+SR(I,KF'P)s

DAO:)SJS*A): D2AO:DA0* ( SJS- 1 ) :D3AO=D2Ao* (SJS-
2) aD4AO=D7AO# (SJS-3)

5410 SUM=SUM*RI*RI+Ao: DSUM=DSUM*RI*RI+DAo:
D2SUM=D2SUM*RI*RI+D2AOa D3SUM=D35UM*RI*J+D3(-')
D4SUM=D4SUM*R I*R I+D4AO

5420 REM PRINT "k ,kpp,SUM,DSUM,D2SUM,D3SUM,d4SuIM,3iJ":
K,KPP,SUM,DSUM,D2SUMID3 SUMID 4SUM,J3

*5430 IF 33=,' 0: THEN GOTO 5450
5440 JJ33-1:GOTO 5400
5450 IF SR(I,KPP)<0 THEN SPD-1/RI'-ABS(SR(I,KPP)) ELSE

SPO-RI "SR (I,KPP)
5460 SUM-SPO*SUM: DSUM=SPO*DSUM/RI:aD2SUMSPD*D2SUM/RI/RI

iD3SUM=SPO* D3SUM /RI/RI/RI:D4SUM=SPD*D4SUM/RI/RI/RI/RI
*5470 RETURN

5480 REM data for a run
5490 'DATA 1,.2,1
5500 DATA 1,.2,1
5510 DATA 1,.2,1
552N:) 'DATA 1,.2,1
5530 DATA 4,3,2,1
5540 DATA 2,0),0,1,0,0:,0,0
5550 data for two part plate'
5560 DATA "aaa"
5570 DATA 2,30,6
5580 DATA 2,2

*5590 DATA 1 ,.*3000000, 1.
5600 DATA 1 ,. 30(0000,1.
5610 DATA 1. 0000 1 . 500
5620 DATA 2,1,0,0
5630 DATA 0 ,1(:
5640 REM Invert of a matrix
5650 'Var. : aA(n)=Inputt matrix destroyed in computation and

replaced by resultant invrese (columnwise)
5660 REM N= order of matrix A. (not columnwise)
5670 ' det- resultant determinant
5680 ' L= WORK VECTOR OF LENGTH N



5690 M= WORK VECTOR OF LENGTH N
5700 dim a(n) ,rl (n) ,rm(r,)
5710 DET-1 :NK=-N
5720 FOR <= 1 TO N: NK<.NK+N: L (K) =K': M (K) =K: KK'=NK:+: B IGA=AA (KK)
5730 FOR =K TO N:IZ=N*(J-1):FOR 1=K TO N-:IJ=IZ+I
5740 IF (AES(BIGA)-ABS(AA(IJ)))>0O THEN GOTO 5750 ELSE

5750 NEXT I:NEXT J
576o J=L(K) :IF 'JF~)THEN GOTO 5780 ELSEKI-
5770 FOR I=1 TO N: K'I=KI+N.:H-OLD=-AA(K:I)uJIKlfI-

K+J:AA(K1)=AA(JI) :AA(31)=HOLD:.NEXT I
5760 I=M(K) :IF (I-K)K,=0 THEN GOTO 5600
5790 3P=N*(I-1) :FOR J=1 TO N:Jk=NK+J:JI=JP+J:HOLD=-

AA(JK):AA(JK)=AA(J1),AA(Jl)=HOLD:NEXT 3
5800 IF BIGA<:>0O THEN GOTO 561E LEDT=~RTR
5610 FOR 1=1 TO N:IF (I-K)=0 THEN GOTO 5820. ELSE

IK=NK+IaAA (1K)=AA (1K)/I(-B IGA)
5820 NEXT I
5630 FOR I=1 TO N:IK,'=NK+I:HOLD=AA(IK."):IJ=I-N\
5640 FOR J=1 TO N: IJ=IJ+*N: IF (IK0THEN GOTO 5850: ELSE IF

(J-K)=0 THEN GOTO 5850) ELSE K313=I-
I+K.: AA (13)=HOLD*AA (KJ) +AA (13)

5650 NEXT J;NEXT I
58360 KJK-N-.FOR J=1 TO N:KJ=KJ+N:IF (.-.<0THEN

AA(K:J)=AA(KJ) /BIGA
5670 NEXT J
5880 DET=DET*BIGA
5890 AA(KK)=l/E4IGA
5900 NEXT K
5910 K=N
5920 K=V.*-1I
5930 IF K=4:*0 THEN GOTO 5990 ELSE I=L(K)
5940 IF (I-K)<=0 THEN GOTO 5960 ELSE 30=N*(K-1):JR=N*(I-1)
5950: FOR J=1 TO N.3K=JQ+J:HOLD=AA(3K *) JI=JR+J-AA(JK)=-

A(JI):*AA(JI)=HOLD:NEXT J
5960 J=M(K): IF (J-K)<=Q THEN GOTO 5920 ELSE KI=K-N
5970 FOR I=1 TO N:K:I=KI+N:HOLD=A(K',I)aJlI:I-+JAA(i:I)=-

AA(JI):AA(JI)=HOLD:NEXT I
5980 GOTO 5920
5990 RETURN
6000 REM Sutb. for checking case of denom=0'*(ssr only)
6010 VAR: prel,pre2,hjl,hj2,hj3,hij4,ihl,jh2,Th3,jh4,

indl,ind2,ind3,ind4
6020: HJ(1)1i-SR(I,K:)-PRE2sJH(1)=CINT(HJ(1)):HJ(2)1I-

BR(I.K)4PRE2eJH(2)= CINT(HJ(2))
6030 HJ(3)=1-SR(IK.)-PREliJH(3-)=CINT(HJ(3)):HJ(4)=1-

SR(IK)+PREI:JH(4)= CINT(HJ (4))
6040 FOR 111=1 TO 4*:NOM2=(2-SR(I,K)-2) "'2-NC---2
6050) IF ABS(HJ(III)-JH(IIIflK-.'1E-08 AND(JH(III)0" AND

JH(III)/2=INT(JH(III)/2)) AND NCM2,,.*>C, THEN
* .JO=JH(II11:LUIII)=JH(III):IND(III)=III:GOTO 6070)

6060 IND (III) =0: 30=0: L(III)=0
6070 NEXT III



6080 IF IND(1)<K>o OR IND(2<, :>0 OR IND(3)<'>0 OR IND(4)<.:'- ' THEN
* SOTO 6090 ELSE SOTO 6110

6090 INDX1I:BIGA=L(l):FOR 111=1 TO 4mIF BIGA,:L(III) THEN
EIGA=L(Ill): INDX=II

6100 NEXT IIItJ30=BIGA
6110 IF YEPR$-"no" THEN RETURN
6120 PRINT 30:)INDX,IND(l),IND(2),IND(3),IND(4):RETURN

*6130 REM calculation of internal forces at rri
6140 'var: f. (i ,) ,df (i , k) , d2f (i , k) , d3f (i , k) ,r i
6150 DW=DF (I, K)
6160 BM=-(D2F(I~k,*)+PO(I)*(DF(I,K)-NC*NC*F(I,K*.)/RI) /RI)*D(I)
6170 SH--(D3F(I,K)-4D2F(I,K:)/RI(NC*NC+1)*DF(I,K::)/RIR4-

2*NC*NC*F(I,K)/R I/RI/RI-INDE*NC*NC*(-'D(I))
**(DF(I,K<)/RU/RI-F(I,K.:)/RI/RI/RI))*D(I

6180 IF YEPRS="no" THEN RETURN ELSE PRINT
I , " =" K., 1'rih R RIt PR INT 11f (i ,k ,dw, bm, sh

F(I,K) ,DW,E'M,SH
6190 RETURN
6200 REM Eiplanatiom of the signs for the varics B.C. ,inc.

C the needed equationlist 95-130
6210 REM ibcw(i) meaning graphic not.

equations - - - - - - - - - - -

6220 REM 0 S.S E.
WR=0, BMR-0

1 FIXED E.
WR=0,DWR-40

2 F.FIXED E. H1-----
WR01SHR-0

6230 REM :3 E.S.S E . K-^------
BMR=0 , SHR-K.V (I) *WR=0

*4 FREE E. ---
BMR=O,SHR=0

6240 REM 10 CONTINOUS 3.---------
WRL=0 ,DWRL-, BMRL=0,SHRL=0'

WL=0,WR:-O, DWRL-0 ,BMRL=0

C* 12 FIXED 3. -- i-
WL=0, WR-0, DWL=0,DWR-0

6250 REM 13 E.S.S 3. --- K-
WLR=0, DWRL=0, BMRL-0, SHRL-vk*WR=0)

6260 REM (in case of a HOLE)
6270 REM 11 S.S e.in

WR=09BMR=0
12 FIXED e.in

WR=0,DWR=0
14 F.FIXED E.in H1-----

WR= , SHR=0
6280 REM 13 E.S.S e.in ---

( 2MR=0, SHR-vk (I) *WR=C0
10 FREE e.in ---

BMR=0, SHR=0
6290 REM Sub. which check"s if the solution satisfies the

differential equation

%5



6300 VAR:ri ,i ,k,sofd (i ) ,sofcd (i ),f (± ,k)df (i ,k:)
d2f (i ,k) ,d3f (i ,k) , d4+ (i Ik)

6310 DE4=RI*RI*RI*RI*D4F(I,K):DE3=2*RI*RI*RI*DF(I,:: ):DE2=-
RI*RI*(1+2*N C*NC+SOCFD(I)-RI*RI*SOFD(I) )*D2F(lI)

6320 DE1=RI*(14-2*NC*NC+SCFD(I)+RI*RI*SOFD(I))*DF(I,K:)-
(NC*NC* (4-NC*NC+SOCFD (I) +RI*RI*SOFD (I) ) )*(I, K):
DDDD=DEI+DE2+DE3+DE4:IF DDDD>.0i:) THEN SOTO 6340

6.330 FRINT.PRINT "i="; I;TAB (2C.));"k="; K; TAB(40)~
"de(F(";I;",";K.;'t )=";DEI+DE2+DE 3+DE4 :PRINT:PRINT
"de (f ':. I; V:' ; =; DE1+DE2+DE+DE4: RETURN

"de (f (11 ;,";I K;) =1;DE1+DE2+DE 3+DE4
:PRINT:BEEP:EBEEP:PRINT "'>«~.you have a mistake

BEEP. RETURN: STOP
67.50 REM printout Of then results (PRIMARY and BUCKLING)
6601 REM OPEN "b:O~t.dat' FOR OUTPUT AS #1
6370 REM PE(0))=1:E(2)=1:NPL=2:RES(o)=0::RES(1)=2:

IBCW(0))=I: IBCW(I)10(: I CWG* O" ICG()
I.: E (1) =1

6360?,(- BEEP: BEEP: BEEP: BEEF'
o P RINTsPRINTiFRINT *...... RESULT

PR I F'RIN: P RI NT
640)' PRINT #1,:PRINT #19-FRINT #1," <''< < RESULT

6410 PRINT:PRINT" in-plane b.c. "

642o) PRINT #1,:PRINT #1,11 in-plane b.c. "

6430 S$----aS --- ':SM " :SFS=" ;":SES="
SUM$' : SUMR$""

6440 SDES=" "a SUMLF*=" "aSF1 $="->": 5F2$= "<-": SUMRF$=""-
6450 IF E(NP-L)=0: THEN NPLMAX=NPL-1 ELSE NPLMAX=NPL
646C0 FOR I=1 TO NF'LMAX
647(.' IF IRES(1-1)=0 THEN SUMI=SUMS+SES ELSE IF IRES(I-1)=1

THEN SUM$=SUM$+SF$ ELSE SUM$=SUM$+SM$
648:) IF PE'1 -1)=C THEN SUMLF$=SUMLFS+SES ELSE IF PE(-)::

THEN SUMLF$=S1JMLF$+SF1$ ELSE SUMLF-$=SUMLF$+SF2$
6490 SUMLF$=SUMLF$+SDE$
650o IF I/2-INT(I/2)=0 THEN SUM$=SUM$+.S2$. ELSE SUM$=SUM$+S1$
6510 NEXT I

6520 IF E(NPL)=() THEN GOTO 6530 ELSE GOTO 6550)
6570 I=NPL:IF IF'ES(I-1)=0 THEN SUM$-SUM$+SE$+SDE* ELSE IF

IRESI-1)=1 THEN SUMS=SUM$+SF54-SDE$ ELSE
SUM*= SUM$ +SM $+SDE $

6540 IF PE(I-1)=0) THEN SUMLF$=SUMLF*+SE$+SDE$. ELSE IF PE(I-
1)>O THEN SUMLF$=SUMLF$+SF1$+SDE$ ELSE
SUMLF:$=SUML F $ +F2$+SDE$

655') IL=LEN(SUMS):FOR I=IL TO 1 STEP -1:
SUMR*=SUMR$+MID$ (SUM$, I ,1)

6560 SFF'*=MID$r(SUMLF$, 1,1): IF SFF$="* " THEN SUMRF$=SUMRF$+"<"
ELSE IF SFF$="-." THEN SUJMRF:$=SUMRF$+" *-" ELSE
SUMRF$=SUMRF$4-SFF$

6570 NEXT I
6580 PRINT TAB(20'();SUM$+SUMR$:PRINT :PRINT Forces:

l; TAE'(2':));:SUMLF$+SUMRF$



6590: PRINT #1,TAB(20);SUM$+SUMR$vPRINT #i.,:PRINT #1," Forces:
*It; TAB(20)ISUMLF$+SUMRF$

6600) PRINT:PRINT" Vertical B.C "

6610) PRINT #1,:PRINT #1,11 Vertical B.C "

6620 S1$in'--------: S2$m===" SUM*= i SUMRS=
6630 SDES=" "aSUMLJ$-" "ISUMLM$='

"a 5UMRJS ""a SUMRM$="" aSDE2$=" I
*6640 IF E(NPL)=0) THEN NFLMAX=NPL-1 ELSE NPLMAX=NPL

6650 FOR I=1 TO NPLMAX
6660 SUM*=SUM$I4CWG$( I-1)
6670 SUMLJ$=SUMLJ$+STR$ (I-1) +SDE$a SUMLM$=SUMLM$+STR$ (I): IF

I('.NPLMAX THEN SUMLM*=SUMLM*+SDE* ELS,:E
SUMLM$=SUMLM$+SDE2$

*6680 IF I/2-INT(I/2)=0 THEN SUM$=SUM$+S2$ ELSE SUM$=SUM$+Sl$
6690 NEXT I
6700o IF E(NPL)=0 THEN GOTO 6710 ELSE GOTO 6720
6710 I=NPL:SUM$=SUMS+IBCWG$(I-1)+Il

"i:SUMLJ$-SUMLJ$+STR$ (I-1)+SDE$; SUMLM:$SUMLMt+"II

6720 IL=LEN(SUM$):FOR I=IL TO 1 STEP-
1: SUMRS=SUMRS+MID$ (SUM$, I, 1)

6730i SUMRJ$=SUMRJ$+MID$(SUMLJS,I ,1) :NEXT I
6740 IL=LEN(SUMLM$):FOR I=IL TO 1 STEP

1:SUMRM$=SUMRM$+MID$(SUMLM$, I ,1):NEXT I
6750) PRINT TAB (20)) SUMS+SUMR$: PRINT

TAB (20)) SUMLJ$+SUMRJ$: PRINT TAB (20)) ;SUMLM$+SUMRM$
* 6760 PRINT #1,TABi(20);SUM$+SUMR$iPRINT

*1 ,TAB(20) :SUMLJ$+SUMRJ$: PRINT *1 ,TAB(20) ;SUMLM$+SUMRMS
6770 IF IPRI*$"no" THEN GOTO 6780 ELSE IPRI$="no"iRETURN
6780 PRINT:PRINT:PRINT" «4S.A<data and results

6790 PRINT #1,:PRINT #1,:PRINT #1," 4.44..(:data and
* results >>>'::*>>>>":PRINT #1,

680: PRINTaPRINT TAB(15)3" '.<<EC$<

6810 PRINT#1,aPRINT #1,TAE4(15).-" ";NMC;

6820 SS3$="###. ###":SS2$="##. ##"

c6630 PRINT TA8(30)rn"nc(no. of mode)="; NC
6840 PRINT TAB(30);"po(poison rat.)=";PRINT USING SS2$;PO
6850 PRINT TAB(30);"th(thickness )=";:PRINT USING SS2$u.T(1)
6860 PRINT #1,TAB(30);"nc(no. of mode)=";NC
6870 PRINT #1,TAB(-30);"po(poison rat.)=";-.PRINT #1,USING

552*; PO
(6880 PRINT #1,TAB(30);"th(thickness )=";:PRINT #1,USING

S62$; T(1)
6890 PRINT :PRINT -.PRINT TAB(20:))" Buckling Force (Pcr*D/R/R)

"asPRINT TAB(19);"----------------------------------
"a PRINT

6900 PRINT #11:PRINT #19-:PRINT #1,TAB(20);" Buckling Force
((Pcr*D/R/R) ":PRINT #1,TAB(19); -------------------------

-- - - -- :PRINT #1,
6910: IF IYEINTE=1 THEN IYEINTE-OiRETURN



6920 PRINT TAB(1);"rl/r0 \e2/e1";TAB(15);:PRINT USING
663$ E22(l);:PRINT TAB(25);:PRINT USING
663$;E22('4)::PRINT TAB(35);:PRINT USING
SS*3$; E22(3);:PRINT TAB(45)rnPRINT USING SS3*;E22(4);

6930 PRINT TAB(55)gzPRINT USING SS3$;E2 2(5);iPRINT
TAE4(65);:PRINT USING SS3$;E22(6);:PRINT TAB(75);:PRINT
USING SS3$;E2"2;(7):PRINT

6940 FOR IR1o=1 TO 9,RRI-IRIO/10:PRINT TAB(4);::RINT USING
552$; RRI;

6950 FOR IE21=1 TO 7:PRINT TAB(3+IE21*10)::PRINT USING
S3$gPCRR ( E21 ,IR1) *R (0)*R (0);

6960 NEXT IE21:NEXT IRIC)
6970 PRINT #1,TAB(1);"r1/r0 \e2/e1';-TAB (15).:.PRINT #1,USINC;

SS3*;E22(1);:PRINT #1,TAB(25);:PRINT #1,USING
653$; E22(2);:PRINT #1,TAB(35);:PRIN*T #I,USING
663$: E22(3);:PRINT #1,TAB(45);:PRINT #1,USING
6S3S; E22(4);

6980 PRINT #1,TAB(55);:PRINT #1,USING SS3$;E22(5);:PRINT
#1,TAB(65);:PRINT #1,USING SS3$;E22(6);:PRINT
#1,TAE'(75)u:PRINT #1,USING SS3$:E22(7):PRINT

6990 FOR IR10=0 TO 9:RRI=IR10/10:PRINT #1,TAEI(4);:F'RINT~
#1,USING SS2$:RRI;

7000 FOR IE21=1 TO 7:PRINT #1,TAB(3+1E21*10);-:PRINT #1,USINO3
SS3$; PCRR ( E21 *IR10) *R (0)*R (0))

7010 NEXT IE21sNEXT IR10
7020 RETURN
7030 REM Sub. for printout of normal mode
7040 SSI$="##. ##":S52$-"###.###" :SS3$="####. ###"
7050 PRINT tPRINT TAB(25);" Normal Mode #";NC;"
7060 PRINT TAB (25);"---------------------- I

7070 PRINT:PRINTiPRINT
TAB (28) ; "Pcr=";PCRR (IR1O, IE21)*R(C0)*R (0) /1, " DO:/r (0)' 1

7080 FCRR1=PCRR(IR10),IE21):-PRINT:PRINT
7090 PRINT TAB(3);"rr";TAB (14);"Nrr";TAB(24);'"Noo";

TAB(33);'U(Hor.)";-TAB (43);
"W(Ver . );TAB (53) Dw / dr"; TAB (63) ; B. mom"

TAB(7);"Shear":PRI NT
7100 FOR I=1 TO NPLI:FOR 3=O TO 10
7110 PRINT TAB(1);vPRINT USING SS1$;RR(IJ)/R(0);:PRINT

TAB(10);oPRINT USING SS2$pPCRR1*SRR(I,J)::PRINT
TAB(20);:PRINT USING SS2$;SOO(I,J)*PCRR1;:PRINT
TAB(30);tPRINT USING S52$pUU(I,3)*PCRRI;

7120 PRINT TAB(4)uIPRINT USING SS53$;WWJ(I,J)/WMAX-.:PRINT
TAB(50);iPRINT USING SS3$;DWW(I,J)/WMAX;:PRINT (

TAEI(60);:PRINT USING SS3$;BMW(I,3)/WMAX;c
PRINT TABt(70);,PRINT USING SS3$;SHW(I,J)/WMAX:NEXT
J:NEXT I

7130 IF E(NPL=0O THEN GOTO 7160 ELSE I=NPL:FOR J=C TO 5
7140 PRINT TAB(1);:PRINT USING SSI$;RR(I,3)/R(0));:-PRINT

TAB(10);:PRINT USING SS2$PCRRI*SRR(I,J);oPRINT
TAB(20);sPRINT USING SS2$;SOO(I,J)*PCRRI;:PRINT
TAB(30);:PRINT USING SS2$;UU(I,J)*PCRRI;



7150 PRINT ThEI(40));:PRINT USING SS3$;WW(I,J)/WMAX;:PRINT
*TAB(5Oh)aPRINT USING 663:$;DWW(I,J)/WMAX;uPRINT

TAB(60)utPRINT USING 653$;EIMW(I,3)/WMAX;:
PRINT TAB(70W;PRINT USING 6S3$;SHW (I,J)/WMAcX:NEXT J

7160 PRINT #1,:PRINT #1,TAB(25);" Normal Mode #";NC;"
7170 PRINT #1,TAE(25h'---------------------------
7180 PRINT #1,nPRINT #1,:PRINT

*#1, TAB (28) ;"Pcr=';PCRR( IR10, I1E21) *R (0:)*R(0:) /1;"
DO/r (0), 2"

7190 PRINT #1,sPRINT #1,
7200 PRINT #1,TAEU(3) ;"rr"; TABE(14) ;"Nrr";,TAB (24) ;"Noo":

TAB (3:3);"UCHorffi'; TAB(43);'W(Yer.)";TAB(53);
"Dw/dr".:TAB (63) :"B. mom".-TAB (73) ; "Shear "; PRINT #1,

*7210 FDR I=1 TO NPLI:FOR J=0 TO 10
7220 PRINT #1,TAB(1);:PRINT #1,USING

SS1$;RR(I,3)/R(0));:FRIN'T #1,TABi(1);.PRINT **1,USING
562$;PCRR1*SRR(I,J);:PRINT #1,TAEU2O));:PRINT #1,USING
SS2"$;SOO(I,J)*PCRR1;:PRINT #1,TAB(0,-.);zF'RINT #1,UBING
652$; UU (I,J) *PCRR1;

C 7230 PRINT #1,TAB(40:);:PRINT #1,USING
663$iWW(I,J)/WMAX; :PRINT #1,TAB(50.);:F'RLNT #I,USING
SS3$;DWW(Iq3)/WMAX;:FRINT #1,TAB(60:);:PFRINT #1,USINS
6S3$nBMW(I,3)/WMAX;:PRINT #1,TAB(70:):PRINT #1,USING
553$;SHW(I,3)/WMAX:NEXT 3:NEXT I

7240) IF E(NPL)0O THEN GOTO 7270 ELSE I=NPL:FOR 3=C0 TO 5
* 7250 PRINT #1,TAE4(1);:PRINT #1,USING

SS1$aRR(I,3)/R(0);aPRINT *1,TAB(10:)uPRINT #1,USING
SS2$;PCRR1*SRR(I,3);:PRINT *1,TAE4(20);:PRINT *1,USING
6S2$;SOO(I,3)*PCRR1n:PRINT #1,TAE'(3)q:PRINT #1,USING
652$; UU (I,3) *PCRRZ;

7260 PRINT #1,TABE4(0);:PRINT #1,USING
* S53$;WW(I,J)/WMAX;:PRINT #1,TAB(50);%PRINT #1,USING

663$; DWW (I,3)/WMAX;:PRINT #1,'TAB(60-))u-F'RINT #1,USING
553$:E4MW(I,3)/WMAX;:PRINT #1,TAB(70h)):PRINT #1,USING
SS3:$;SHW(I,3)/WMAX:N\EXT J

7270 RETURN
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